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A B S T R A C T   

String stability plays a crucial role in regulating traffic flow, as traffic oscillation can be triggered 
by string instability in the car-following (CF) behavior. Although studies over the past decades 
have provided various methods for analyzing string stability of analytical CF models, no studies 
have focused on neural network (NN) based CF models despite the fact that these models have 
exhibited remarkable performance in learning realistic driving behavior in the recent literature. 
This paper fills this gap by proposing a generic theoretical framework for analyzing the string 
stability of NN-based CF models through an Estimation-Approximation-Derivation-Calculation 
process (referred to as EADC framework). Within the framework, we first estimate the steady 
states of NN-based CF models by solving the corresponding optimization model and obtain the 
smooth approximation of the NN-based models for linearization, based on which the transfer 
function is constructed. We then derive the general stability criteria for two commonly used 
classes of NN in CF modeling, i.e., feedforward NN-based CF models with basic input and 
recurrent NN-based CF models with multi-step historical information. The string stability is thus 
obtained by calculating the partial derivatives through the automatic differentiation method. As 
two case studies, we apply the proposed stability analysis framework on two typical NN-based CF 
models, the Mo-MLP model (Mo et al., 2021) and the Huang-LSTM model (Huang et al., 2018), 
and obtained the complete consistency between the theoretical results and the simulation results 
for both models, which demonstrates the soundness of the proposed EADC framework. Moreover, 
we discuss the applicability of the proposed EADC stability analysis framework in the emerging 
era of connected and autonomous vehicles and artificial intelligence.   

1. Introduction 

String stability is one of the key characteristics of car-following (CF) models, which is closely related to the onset of traffic 
oscillation, a commonly observed phenomenon in congested traffic (Chandler et al., 1958; Orosz et al., 2010; Sun et al., 2020; Treiber 
and Kesting, 2013). Small perturbations are dissipated while propagating through a string stable platoon of vehicles, while amplified in 
a string unstable platoon which has significantly negative effects on traffic operations, e.g., riding comfort, crash risk, and energy 
consumption (Ahn et al., 2010; Zheng et al., 2010). String stability analysis of CF models, which aims to study how small perturbations 
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evolve over a platoon when propagating along the vehicles, has been implemented since the early days of CF model development 
(Chandler et al., 1958; Herman et al., 1959; Wilson, 2008; Wilson and Ward, 2011). Several theoretical methods have been proposed 
for string stability analysis of different categories of CF models, i.e., basic CF models, CF models incorporating time delays, and CF 
models considering multiple leading vehicles (more details in the Literature Review section). By analyzing the string stability, we can 
understand the dynamics and characteristics of different CF models and how driving behaviors exemplified by such CF models affect 
the traffic flow. Moreover, new CF models or effective control strategies can be designed and evaluated to improve the string stability 
and mitigate traffic oscillations and congestions. However, as the concept of stability analysis is originated from the control theory 
where a dynamic system is usually defined by a set of ordinary differential equations, explicit functions and analytical tractability are 
required for existing stability analysis of CF models. 

On the other hand, with the recently rapid advances in machine learning, many studies adopted neural network (NN) based ap
proaches for modeling CF behavior rather than the traditional analytical approaches (Huang et al., 2018; Ye et al., 2019; Zhu et al., 
2018), because NN-based approaches can be more powerful and flexible in modeling driving behaviors (e.g., capturing asymmetric 
driving behavior, stop/slow and go behavior). They have also been widely used in modeling connected or/and automated vehicles 
(Kiran et al., 2022; Mozaffari et al., 2022). However, despite the superior performance of NN-based CF models, their underlying 
stability characteristics are difficult to understand with their black-box nature (Rudin, 2019). Since the traditional stability analysis 
method requires explicit functions and analytical tractability of CF models, it is not applicable for NN-based CF models due to the fact 
that they do not have explicit functions. To address this issue, numerical or field experiments can be conducted by simulating a wide 
range of traffic scenarios (Hart et al., 2021; Ma et al., 2022), which is usually time-consuming and computationally expensive. 
Therefore, there is a great need to develop an analytical method which is capable of assessing the stability of NN-based CF models, and 
provide insights for the future development of autonomous driving with NN-based CF models to maintain string stable and thus ease 
traffic congestion. This is the primary motivation of this study. 

The main difficulty of assessing NN-based CF models’ stability lies in the fact that: (1) there is a lack of explicit and mathematical 
formulations of the NN-based CF models, which makes it difficult to obtain the steady states analytically; (2) a typical NN contains the 
non-differentiable (e.g., ReLU (Rectified Linear Unit) activation function) part, which impedes the linearization of the model for 
obtaining the stability criterion; and (3) even for the differentiable part, it is highly non-linear because of the multiple hidden layers 
structure and numerous complicated neurons in each layer, and thus its partial derivatives cannot be directly calculated. 

Additionally, one important feature of NN-based models, particularly the prevailing recurrent NN (RNN) based models, is that they 
can incorporate multiple steps of historical information to embed long memory and thus improve the model performance, unlike 
traditional time-delayed CF models which only use one step of historical information (Sun et al., 2018). However, this advanced setting 
of NN-based models adds further complexity to the stability analysis of NN-based models, introducing additional dynamics and fre
quency dependence in the Laplace transform for transfer function derivation. 

Because of these great challenges, the string stability of NN-based CF models has not been rigorously investigated. To the best of our 
knowledge, this work provides one of the first systematic investigations into the theoretical string stability analysis of NN-based 
models. Specifically, we aim to develop a generic framework to assess the string stability of different types of NN-based CF models 
theoretically by addressing the above-mentioned challenges through an Estimation (of steady states) -Approximation (of non- 
differentiable functions) -Derivation (of general stability criteria) -Calculation (of partial derivatives) process (EADC framework). 
The major contributions of this EADC framework are:  

• We convert the steady states estimation into an equivalent optimization problem, where the steady states are calculated by solving 
the optimization model.  

• By replacing the non-differentiable activation functions with smooth approximation and linearizing NN-based CF models, we 
derive a set of general stability criteria for both the basic NN-based model and the advanced NN-based models that incorporate 
multi-step historical information.  

• We employ the automatic differentiation method to facilitate the calculation of the partial derivative coefficients in the stability 
criteria for estimating the string stability. 

As two case studies, we apply the proposed framework to two typical NN-based CF models: one is a basic NN-based CF model (Mo 
et al., 2021) and the other is an advanced NN-based CF model that incorporates multi-step historical information (Huang et al., 2018), 
and evaluate their stability under different traffic states (i.e., with different equilibrium speeds). The validity of the framework is then 
assessed by comparing the theoretical results with the simulation results from a series of numerical experiments. In addition, we 
discuss the applicability of the proposed EADC stability analysis framework in the emerging era of connected and automated vehicles 
(CAVs). 

The rest of the paper is structured as follows: Section 2 reviews the related literature; Section 3 introduces the stability analysis 
framework for NN-based CF models, and derives the string stability criteria for two types of NN-based CF models; Section 4 applies the 
framework to two typical well-trained NN-based CF models; Section 5 assesses the framework’s performance with numerical simu
lations; Section 6 discusses the applicability and applications of the proposed framework; and Section 7 summarizes the main con
clusions of this work. 

2. Literature review 

Given the significant progress of both stability analysis and NN-based CF modeling, in this section, we briefly review representative 
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studies on string stability analysis for CF models and on NN-based CF models, respectively. 

2.1. String stability analysis for CF models 

Due to the close relationship with traffic oscillation, numerous studies have been conducted for string stability since the early days 
of CF model development. There are several different definitions of string stability in the field literature, here we adopt the commonly 
used definition of strict string stability for consistency. Intuitively, a platoon of vehicles (Fig. 1(a)) is considered string stable if the 
disturbance originating from the first vehicle strictly dampens over vehicles (Peppard, 1974; Sun et al., 2023; Treiber and Kesting, 
2013), as shown in Fig. 1(b), and otherwise string unstable as shown in Fig. 1(c). Assume that un(t) stands for the state fluctuation of 
vehicle n at time t in terms of the equilibrium state (e.g., un(t) = vn(t) − ve, the difference between velocity and equilibrium velocity), 
and ‖un‖∞ = maxt |un(t) | is the maximum magnitude in the time domain for each lead-follower pair. So, the string stability is satisfied 
if: 

‖u1‖∞ > ‖u2‖∞ > ⋯ > ‖un‖∞ (1) 

As mentioned in the Introduction, several notable methods borrowed from control theory were used to analyze the string stability 
for different types of analytical CF models (i.e., basic, time-delayed, and multi-anticipative/cooperative CF models) defined in Sun 
et al. (2018), namely, direct transfer function-based, Laplace transform-based and characteristic equation-based methods. Specifically, 
by calculating the magnitude of the transfer function using the Fourier ansatz, Chandler et al. (1958) applied the direct transfer 
function-based technique for the first time in string stability analysis for a relative speed control model and several linear time-delayed 
CF models. Bando et al. (1998) also employed this method to analyze stability of the time-delayed optimal velocity model (OVM). In 
addition, by constructing the transfer function between outputs and inputs with Laplace transform, the string stability is assessed by 
comparing the H-infinity norm of the transfer function with 1. This Laplace transform based method has been widely used for 
investigating the string stability of time-delayed CF models (Orosz et al., 2011) and cooperative CF models (Liu et al., 2001; Swaroop, 
1997). Moreover, using the exponential ansatz to describe perturbations and then induce a characteristic equation, the characteristic 
equation-based method is a general method in string stability analysis for CF models. For example, Lenz et al. (1999) investigated the 
string stability of multi-anticipative OVM by combining the characteristic equation-based technique with the Routh-Hurwitz criterion. 
Sau et al. (2014) employed the root locus of the characteristic equation to illustrate the string stability criteria of basic and cooperative 
CF models. Monteil et al. (2014) also established the characteristic equation of a cooperative CF model. The mathematical details of 
these methods are reviewed in Sun et al. (2018). 

However, despite significant progress has been made in the stability analysis methods of CF models, all the methods require explicit 
functions of the CF model, which are only applicable for analytical CF models. To assess the string stability of CF models without 
explicit functions like NN-based models, one way is to directly conduct numerical simulations or field experiments of a platoon with 
given disturbances and calculate the amplification rate, which is time-consuming and lacking in analytical tractability. Another way is 
to utilize the CF data (e.g., Open ACC dataset (Makridis et al., 2021)) that generated from the black-box type CF model to fit an 
analytical CF model (Gunter et al., 2021) or estimate the empirical transfer function (Zhou et al., 2023). However, this empirical 
method cannot obtain the explicit expression of stability criteria and can hardly guide the development of control strategies for 
improving stability. To remedy these limitations, we aim to develop an analytical method which is capable of assessing the stability of 
NN-based CF models, and provide insights for the future development of autonomous driving with NN-based CF models to maintain 

Fig. 1. Intuitive descriptions of string stability, where un(t) denotes the state fluctuation of vehicle n at time t in terms of the steady state.  

X. Zhang et al.                                                                                                                                                                                                          



Transportation Research Part C 160 (2024) 104525

4

string stable and thus ease traffic congestion. 

2.2. NN-based CF models 

Artificial neural networks are computing systems that are inspired by the biological neural networks in animal brains (Abiodun 
et al., 2018). For modeling CF behaviors, there are generally two prevailing architectures of neural networks: feedforward neural 
networks (FNN) and recurrent neural networks (RNN). Additionally, NN-based models can also be grouped into three types according 
to the learning paradigm: supervised learning, unsupervised learning, and reinforcement learning (RL). These paradigms differ in the 
way of learning the NN, and supervised learning is the most frequent case. Given that string stability is more related to the intrinsic 
characteristic of the CF model and the structure of NN, the former classification is adopted. 

FNN was developed as the earliest and most widely used type of artificial neural network. Information in this type of network 
travels forward from the input nodes to the hidden nodes and to the output nodes. Multilayer Perceptron (MLP), which can represent a 
wide variety of functions with appropriate weights, is a commonly used network structure of FNN in modeling CF behavior. Partic
ularly, Jia et al. (2003) presented a four-layer NN-based CF model. Chong et al. (2011) demonstrated that it is feasible to reliably 
predict acceleration using NN with a single hidden layer, while Khodayari et al. (2012) and Zheng et al. (2013) extended the work by 
including an instantaneous response time delay. Mo et al. (2021) proposed a CF model combining MLP and analytical CF models to 
obtain better accuracy and interpretability. It is also shown that MLP consisting of only one hidden layer can be effective in developing 
a human-like autonomous CF model (Zhu et al., 2018) or super-human CF model (Zhu et al., 2020) with the training through a RL 
framework. 

RNN is a subclass of artificial neural networks in which nodes form a cyclic graph along a temporal sequence, including basic RNN, 
LSTM NN, GRU NN, etc. The memory is kept in the internal states with the recurrent structure and sequences of inputs can be pro
cessed, which makes it a powerful tool in handling time series data. Thus, RNN has been widely employed in CF modeling. Zhou et al. 
(2017) proposed an RNN-based CF model that outperforms a popular analytical CF model, i.e., Intelligent Driver Model (IDM). Wang 
et al. (2018) later reported that the GRU-based CF model that incorporates 10 s of historical driving information can achieve better 
results than the MLP-based CF model and IDM. Based on LSTM NN, a CF model was proposed to capture realistic traffic flow char
acteristics, in particular the asymmetric driving behavior (Huang et al., 2018). An Encoder-Decoder LSTM model was also developed to 
consider both memory effect and reaction delay (Ma and Qu, 2020). Recently, Liu et al. (2023) integrated a LSTM architecture with the 
physics-informed computational graph to preserve the high precision in learning CF behaviors. 

A summary of representative studies is provided in Table 1. The hidden layer with the non-differentiable ReLU activation function 
and output layer with tanh (hyperbolic tangent) activation function are the most common configuration of these models. Due to the 
inherent characteristics of these two different architectures, FNN usually takes instantaneous driving information (i.e., the spacing and 
velocity of the subject vehicle and its velocity difference with the immediate leading vehicle) into account, while RNN incorporates 
multiple time steps of historical information to capture the long memory effect, which is proved to be critical in CF modeling (Wang 
et al., 2019). In this context, we further categorize the NN-based models into basic CF models and historical information incorporated 
CF models according to how many steps of historical information are used, and develop general stability criteria separately in the next 
section. 

In summary, NN-based CF models are proved to outperform analytical CF models because of their better representation capability 
from the inherent structure. Meanwhile, the complex structure and non-differentiable activation functions make it difficult to assess 

Table 1 
Representative studies of NN-based CF models.  

Note, sn, vn, an are the spacing, velocity and acceleration of the subject vehicle. Δvn is the velocity difference between the subject vehicle and its leader. 
CF models with grey shadow incorporate multiple steps of historical information.  
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the string stability theoretically. To this end, we aim to develop a generic stability analysis framework for NN-based CF models in this 
paper. Moreover, as the MLP model developed by Mo et al. (2021) represents for the typical FNN-based model and the LSTM model 
developed by Huang et al. (2018) represents for the typical RNN-based model, we employ these two models as two examples for 
validating our proposed stability analysis framework in Section 4. 

3. A generic framework for stability analysis of NN-based CF models 

3.1. Basic concepts 

Given a typical scenario of CF, where identical vehicles are traveling in a single lane without overtaking, and vehicle n follows 
vehicle (n − 1). Generally, a CF model can be formulated as y = f(X), where the output y is longitudinal acceleration or velocity, the 
input vector X includes the influence factors of CF behaviors. A widely used basic CF model is y = an = f(sn, vn,Δvn), where the output 
an is the longitudinal acceleration of vehicle n, sn denotes the gap between the vehicle (n − 1) and the vehicle n, vn is the velocity of the 
vehicle n and Δvn is the velocity difference between vehicle n and its leading vehicle (n − 1), i.e., Δvn = vn − vn− 1. The function f 
mapping the input to the output usually constitutes a set of ordinary differential equations for analytical CF models and is an artificial 
neural network for NN-based CF models. 

In conventional stability analysis for analytical CF models, the model is first linearized with the first-order Taylor expansion as: 

an = fs(sn − se)+ fv(vn − ve)+ fΔv(Δvn − 0) (2)  

where fs =
∂f
∂s

⃒
⃒
⃒
e
, fv =

∂f
∂v

⃒
⃒
⃒
e
, fΔv =

∂f
∂Δv

⃒
⃒
⃒
e 

are the Taylor expansion coefficients of the function f at the steady states in terms of spacing sn, 

velocity vn and velocity difference Δvn; se and ve are the equilibrium gap and equilibrium velocity of the homogeneous platoon, which 
keep the platoon steady (the accelerations are zeros and the gaps and velocities are constant). 

The state fluctuation of vehicle n at time t is defined as un(t) = vn(t) − ve, which is the difference between velocity and equilibrium 
velocity. Using the Laplace transform based method as an example for the stability analysis, the relationship of the perturbation 
between two consecutive vehicles in the frequency domain is first constructed (Feng et al., 2019; Peppard, 1974; Swaroop and Hedrick, 
1996): 

G(s) =
Un(s)

Un− 1(s)
=

fs − sfΔv

s2 − s(fv + fΔv) + fs
(3)  

where Un(s) and Un− 1(s) are the Laplace transform of the un(t) and un− 1(t), respectively. 
By replacing s = iω, a widely used stability criterion in frequency domain is |G(iω) | < 1 for all frequency ω, which is a necessary 

condition of the time domain-based string stability definition in Eq. (1) (Liu et al., 2001; Sun et al., 2018). 
A general string stability criterion (Sun et al., 2018) for basic CF models without considering any time delays is thus deducted as 

Fig. 2. The EADC framework of string stability analysis for NN-based CF models.  
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below: 

fv
2 − 2fs + 2fvfΔv > 0 (4) 

However, with respect to the NN-based CF models, the traditional stability analysis methods can no longer be applied mainly for 
three reasons: 1) it is impossible to calculate the steady states directly without a closed-form expression in the NN-based CF models, 2) 
non-differentiable functions existing in NN-based CF models impede the linearization for obtaining the stability criterion, and 3) the 
calculation of partial derivatives is complicated for NNs. 

Responding to these challenges, we thus propose a generic EADC framework for theoretically analyzing the string stability of NN- 
based CF models in this study. The main structure of the framework is presented in Fig. 2, which is composed of four modules: 
Estimation (of steady states), Approximation (of non-differentiable functions), Derivation (of general stability criteria), and Calcu
lation (of partial derivatives), as each step in the framework should keep analytical tractability as much as possible. Specifically, we 
first estimate the steady states of the well-trained NN-based CF model, i.e., the equilibrium spacing-speed relation, by solving an 
optimization problem formulated for the equilibrium conditions. Then we adopt a continuous function ̃f for approximating the original 
function f and linearizing it around the steady states, where the transfer function can be derived with Laplace transform and the string 
stability criterion can be further determined for two categories of NN-based CF models: basic CF models and historical information 
incorporated CF models. Lastly, the automatic differentiation method is utilized to compute the values of the partial derivatives in the 
criterion. 

3.2. Estimation of the steady states 

The steady-state equilibrium of CF models is reached when vehicles keep the platoon steady with no additional actions needed, i.e., 
(sn, vn,Δvn, an) = (se, ve,0, 0). For analytical CF models where the function f has an explicit mathematical expression, the closed form of 
se(ve) or ve(se) can be directly derived from f(Xe) = ye, where Xe and ye are the expected input and output under the condition of 
steady-state equilibrium (for example, regarding the basic CF model Xe = (se, ve,0) and ye = 0). However, the equation cannot be 
analytically solved when the function f is a complicated neural network without explicit formulation. This can be done by carrying out 
numerical experiments for various speed conditions by simulating a vehicle following a leader for sufficient time. However, the nu
merical experiment is usually time-consuming and computationally expensive. More importantly, analytical tractability is of great 
importance in CF stability analysis for providing insights for the future development of autonomous driving with NN-based CF models. 

In this study, we propose a generic method to theoretically estimate steady states based on an optimization problem. The idea is to 
find the steady-state pairs (se,ve) that minimize the absolute difference between the output of the NN-based CF model and the expected 
output under the condition of steady-state equilibrium, as the difference is zero in an ideal manner. The optimization problem is 
formulated as below: 

min
(s,v)

⃒
⃒
⃒f (X)|(s,v) − ye

⃒
⃒
⃒

s.t.

s ≤ s ≤ s  

v ≤ v ≤ v (5) 

where s , v are the lower bounds of spacing, velocity respectively, and s, v are the upper bounds. The decision variables are state 
pairs (s, v). The constraints of spacing s and velocity v imply rational CF behaviors. 

The optimization problem in Eq. (5) can be easily solved by traversal search with discretization, since the feasible solutions form a 

Fig. 3. Feasible region (shadow area) and the search strategy (red dotted line) for Eq. (5). (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.) 
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simple and limited polygon, as shown in the shadow area in Fig. 3. For each given equilibrium velocity ve, i.e., v = ve, every feasible s is 

enumerated in a range of 
(

s , s
)

with a discretization step δ, which corresponds to the red dotted line within the shadow area in Fig. 3. 

Then for each feasible s, the output of the NN-based CF model f(X)|(s,ve)
and the expected output ye (if the output of the CF model is 

acceleration, ye = 0; if the output is velocity, ye = ve) can be calculated and the candidate se can be found with the minimized objective 
⃒
⃒
⃒f(X)|(s,ve)

− ye

⃒
⃒
⃒. 

Nonetheless, it is very possible that steady states of NN-based CF models will not exist for some traffic conditions, which means 
local unstable. The obtained candidate steady state pair (se, ve) needs to be further verified with another constraint as shown in Eq. (6). 
It requires that the objective value is smaller than a tolerance error ε. If no state pair (se, ve) can fulfill this condition, it is assumed that 
the model is unstable at such traffic state. 

⃒
⃒
⃒f (X)|(se ,ve)

− ye

⃒
⃒
⃒ < ε (6) 

To verify the proposed optimization problem for steady state estimation, we apply this method to two widely used CF models, i.e., 
IDM and OVM, with explicit functions of steady states. The estimated results are totally consistent with the analytical results, which 
validate the feasibility of the optimization problem for estimating steady states. Details are presented in Appendix A. 

3.3. Approximation of non-differentiable functions 

As mentioned before, NN-based CF models are commonly non-differentiable, which is generally contributed by non-differentiable 
activation functions and largely hampers its linearization around the equilibrium points. Activation functions are mathematical op
erations that transform the input signals of a neuron into an output signal. They are essential for introducing non-linearity and 
complexity into the NNs, which enable them to learn and approximate any function. ReLU is one of the most commonly used activation 
functions nowadays because of its simplicity and effectivity in computation (Nair and Hinton, 2010). This function simply eliminates a 
negative value by making its value zero and retains the values of positive inputs as formulated in Eq. (7). It also has the advantage of 
inducing sparsity in NN, meaning that some of the neurons will output zero and have no effect on the next layers. This can reduce the 
redundancy and improve the generalization ability of the model. As a result, it has been extensively used in NN-based models, 
including many existing CF models. However, the non-differentiable nature at zero makes the NN-based models non-differentiable. To 
address this issue, we propose to approximate the original non-differentiable activation functions with a continuous activation 
function, so that the whole NN can be continuous and differentiable. For example, we can replace the ReLU function with the Softplus 
function (Dugas et al., 2000), as shown in Fig. 4. Specifically, the Softplus function is defined in Eq. (8) with a parameter β. As proved in 
Eq. (9), a large β (e.g., 100 used in this study) can lead to closer resemblance to the ReLU function. By replacing the ReLU activation 
function with the Softplus activation function, the non-differentiable NN-based CF model f becomes a smooth and differentiable CF 
model f̃ . We further quantify the approximation error between the ReLU and Softplus functions, as well as the errors between the 
ReLU-based and Softplus-based NN models, which show a high precision of 10− 4 in terms of RMSE (root mean square error). Details 
can be found in Appendix B. 

Note that, this is an easy yet effective way to obtain a smooth approximation of a trained NN without harming its performance, 
while retraining the NN with the smooth activation functions is generally cumbersome and tricky since it may lead to degraded 
performance (Dubey et al., 2022). Also, the ReLU and Softplus activation functions used here are typical practices while extending it to 
other activation functions should be a straightforward matter. It also should be noted that the approximation of activation function is 
not necessary for every NN-based model, as some models have already adopted differentiable activation functions, such as tanh, 
sigmoid function. 

ReLU(x) = max(0, x) (7)  

Softplus(x) =
1
β

ln
(
1+ eβx) (8) 

Fig. 4. Illustration of the ReLU function and Softplus function.  
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lim
β→+∞

1
β

ln
(
1+ eβx) = max(0, x) (9) 

With the smooth approximation ̃f of the NN-based model, linearization is conducted at steady states. Suppose the input X can be 
partitioned into blocks according to the leader (n − 1) and the follower n, i.e., X = (Xn− 1,Xn)

T. In other words, the reaction of the 
follower yn is determined by the states of the leader and itself only, which is widely adopted in modeling CF behaviors. The lineari
zation equation of NN-based CF models is shown in Eq. (10). 

yn − ye =
∂f̃ (X)

∂Xn− 1

(
Xn− 1 − Xn− 1|e

)
+

∂f̃ (X)

∂Xn

(
Xn − Xn|e

)
(10) 

Due to the linear combination of all terms, the transfer function between the output disturbance of the follower n and the input 
disturbances of the leader (n − 1) can be constructed by Laplace transform, which is a critical step for deriving the string stability 
criterion. 

3.4. Derivation of the string stability criteria for typical NN-based CF models 

Based on the estimation of steady states and linearization of reconstituted smooth structures for NN-based CF models, theoretical 
string stability criteria can thus be derived. As mentioned in Section 2.2, FNN and RNN are two commonly used architectures in CF 
modeling. Meanwhile, since FNN usually use the instantaneous input and RNN can take multiple historical time steps into account 
representing the driving memory, they can be further distinguished as basic CF models and historical information incorporated CF 
models. Based on the commonly used Laplace transform based method or so-called s-domain analysis (Feng et al., 2019), we derive 
string stability criteria for these two classes of CF models respectively due to their distinct structures. 

3.4.1. String stability criteria of FNN-based CF models 
A typical FNN-based CF model can be formulated as Eq. (11), where the inputs are the spacing, velocity and relative velocity as 

conventional CF models, the output is the acceleration of the follower, and fFNN denotes the function based on FNN. 

v̇n = fFNN(sn, vn,Δvn) (11) 

Reconstituting the network by replacing the non-differentiable activation function with a smooth approximation in Section 3.3, 
yields a differentiable CF model ̃fFNN. The model can then be linearized as: 

v̇n = f̃ s(sn − se)+ f̃ v(vn − ve)+ f̃ ΔvΔvn (12)  

where ̃f s =
∂̃fFNN

∂s

⃒
⃒
⃒
⃒
⃒
e

, ̃f v =
∂̃fFNN

∂v

⃒
⃒
⃒
⃒
⃒
e

, ̃fΔv =
∂̃f FNN
∂Δv

⃒
⃒
⃒
⃒
⃒
e 

are the Taylor expansion coefficients. 

Differentiating Eq. (12), we have: 

ün = v̈n = f̃ s ṡn + f̃ vv̇n + f̃ ΔvΔv̇n = f̃ s(un− 1 − un)+ f̃ vu̇n + f̃ Δv

(

u̇n − u̇n− 1

)

(13)  

where un(t) = vn(t) − ve is the velocity variation with respect to the equilibrium velocity ve. 
Taking Laplace transform of both sides of Eq. (13), it is rearranged as Eq. (14), where Un,Un− 1 are the Laplace transform of velocity 

variation un(t), un− 1(t) for the follower and the leader, respectively. The transfer function is further derived as shown in Eq. (15). 

s2Un = f̃ s(Un− 1 − Un)+ f̃ vsUn + f̃ Δv(sUn − sUn− 1) (14)  

G(s) =
Un

Un− 1
=

f̃ s − s̃f Δv

s2 −

(

f̃ Δv + f̃ v

)

s + f̃ s

(15) 

By substituting s = iω, the stability criterion for the FNN-based CF model is obtained as Eq. (16) and further simplified as Eq. (17), 
which is consistent with the criterion for the basic analytical CF model as shown in Eq. (4). 

|G(iω) | =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

f̃ s
2
+ ω2 f̃ Δv

2
√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(

f̃ s − ω2

)2

+ ω2

(

f̃ Δv + f̃ v

)2
√ < 1 (16)  

f̃ v
2
− 2f̃ s + 2f̃ v f̃ Δv > 0 > − ω2 (17)  
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3.4.2. String stability criteria of RNN-based CF models 
In general, multiple historical time steps of input data are fed into the RNN-based CF models. Additionally, as per previous studies 

(Huang et al., 2018; Wang et al., 2018), assuming the velocity variable as the output of RNN-based CF models is a more intuitive way to 
describe the driving behavior and shows better performance. We thus formulate a typical RNN-based CF model as Eq. (18), where τ 
denotes the maximum historical time steps, and Δt denotes the updating time step. 

vn(t) = fRNN(sn(t − τΔt : t − Δt), vn(t − τΔt : t − Δt),Δvn(t − τΔt : t − Δt) ) (18) 

With an approximated smooth function ̃fRNN, we first linearize Eq. (18) into: 

vn(t) = f̃s • (sn − se)+ f̃v • (vn − ve)+ f̃Δv • Δvn (19)  

where sn = sn(t − τΔt : t − Δt) = (sn(t − τΔt),⋯, sn(t − 2Δt), sn(t − Δt) )T is a vector of spacing variables, f̃s =

(

f̃ s(t − τΔt), ⋯,

f̃ s(t − 2Δt), f̃ s(t − Δt)
)

is a set of partial derivatives ̃f s(t − Δt) = ∂̃fRNN
∂s(t− Δt)

⃒
⃒
⃒
⃒
⃒
e 

in terms of various timesteps of spacing. Similarly, ̃fv, ̃fΔv are 

corresponding partial derivatives for the vector of velocity vn and relative velocity Δvn with multiple historical time steps, respectively. 
We take the derivative of Eq. (19) as: 

v̇n(t) = f̃s • ṡn + f̃v • v̇n + f̃Δv • Δ̇vn = f̃s • (vn− 1 − vn)+ f̃v • v̇n + f̃Δv • (v̇n − v̇n− 1) (20) 

Given that un(t) = vn(t) − ve and un = vn − ve we obtain: 

u̇n(t) = f̃s • (un− 1 − un)+ f̃v • u̇n + f̃Δv •

(

u̇n − u̇n− 1

)

(21) 

Taking Laplace transform with Un = L (un(t) ), Un− 1 = L (un− 1(t) ), A = (e− sτΔt ,⋯, e− 2sΔt, e− sΔt)
T, Eq. (21) can be transformed to: 

sUn = Un− 1 f̃s • A − Un f̃s • A+ sUn

(

f̃v + f̃Δv

)

• A − sUn− 1 f̃Δv • A (22) 

The transfer function of the RNN-based CF model is thus: 

G(s) =
Un

Un− 1
=

f̃s • A − s̃fΔv • A

s − s
(

f̃v + f̃Δv

)

• A + f̃s • A
(23) 

By inserting s = iω, vector A is expanded with Euler’s formula: 

A(iω, τ) =

⎛

⎜
⎝

e− iωτΔt

⋮

e− 2iωΔt

e− iωΔt

⎞

⎟
⎠ =

⎛

⎜
⎝

cosωτΔt
⋮

cos2ωΔt

cosωΔt

⎞

⎟
⎠ − i

⎛

⎜
⎝

sinωτΔt
⋮

sin2ωΔt

sinωΔt

⎞

⎟
⎠ (24) 

Let B = (cosωτΔt,⋯, cos2ωΔt, cosωΔt)T and C = (sinωτΔt,⋯, sin2ωΔt, sinωΔt)T, then A = B − iC and thus the transfer function is 
rearranged with: 

G(iω) =

f̃s • B − ωf̃Δv • C − i
(

f̃s • C + ωf̃Δv • B
)

f̃s • B − ω
(

f̃v + f̃Δv

)

• C + i
(

ω − ω
(

f̃v + f̃Δv

)

• B − f̃s • C
) (25) 

By substituting Eq. (25) into |G(iω) | < 1, we have: 

|G(iω) | =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(

f̃s • B − ωf̃Δv • C
)2

+

(

f̃s • C + ωf̃Δv • B
)2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(

f̃s • B − ω
(

f̃v + f̃Δv

)

• C
)2

5 +

(

ω − ω
(

f̃v + f̃Δv

)

• B − f̃s • C
)2

√ < 1 (26) 

Thus, the string stability criterion is: 
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ω2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 +

(

f̃v • B
)2

+ 2
(

f̃v • B
)(

f̃Δv • B
)

− 2
(

f̃v + f̃Δv

)

• B +

(

f̃v • C
)2

+2
(

f̃v • C
)(

f̃Δv • C
)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+ 2ω

⎡

⎢
⎢
⎣

(

f̃v • B
)(

f̃s • C
)

−
(

f̃s • B
)(

f̃v • C
)

− f̃s • C

⎤

⎥
⎥
⎦ > 0 (27) 

Since low frequency puts the biggest restriction on stability (long-wavelength instability always happens first), Eq. (27) is trans
formed with ω→0, sinωτΔt ≈ ωτΔt, C ≈ ω(τΔt,⋯, 2Δt,Δt)T

= ωCτ : 

ω2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 +

(

f̃v • B
)2

+ 2
(

f̃v • B
)(

f̃Δv • B
)

− 2
(

f̃v + f̃Δv

)

• B

+ω2
(

f̃v • Cτ

)2

+ 2ω2
(

f̃v • Cτ

)(

f̃Δv • Cτ

)

+2
(

f̃v • B
)(

f̃s • Cτ

)

− 2
(

f̃s • B
)(

f̃v • Cτ

)

− 2̃fs • Cτ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

> 0 (28) 

Let φ(ω, τ) stands for the expression in the square bracket in Eq. (28), the first necessary condition of string stability for RNN-based 
CF models is: 

φ(ω, τ) > 0 (29) 

With lim
ω→0

B = (1,⋯,1, 1)T
= B0, Eq. (29) can be simplified as: 

1 +

(

f̃v • B0

)2

+ 2
(

f̃v • B0

)(

f̃Δv • B0

)

− 2
(

f̃v + f̃Δv

)

• B0

+2
(

f̃v • B0

)(

f̃s • Cτ

)

− 2
(

f̃s • B0

)(

f̃v • Cτ

)

− 2̃fs • Cτ > 0
(30) 

Additionally, to guarantee that the inequality in Eq. (29) holds for all ω > 0, the derivative of φ(ω, τ) in terms of ω need to be 
positive when ω→0, which results in: 

φ̇(ω, τ) = 2
(

f̃v • B
)(

f̃v • Ḃ
)

+ 2
(

f̃v • Ḃ
)(

f̃Δv • B
)

+ 2
(

f̃v • B
)(

f̃Δv • Ḃ
)

− 2
(

f̃v + f̃Δv

)

• Ḃ + 2
(

f̃v • Ḃ
)(

f̃s • Cτ

)

− 2
(

f̃s • Ḃ
)(

f̃v • Cτ

)

> 0
(31)  

where Ḃ = ( − τΔtsinωτΔt,⋯, − 2Δtsin2ωΔt, − ΔtsinωΔt)T, and as ω→0, Ḃ ≈ ω
(
− τ2Δt2,⋯, − 4Δt2, − Δt2)T

= ωBτ , B→B0. Then the 
second necessary condition of string stability for RNN-based CF models is: 

(

f̃v • B0

)(

f̃v • Bτ

)

+

(

f̃v • Bτ

)(

f̃Δv • B0

)

+

(

f̃v • B0

)(

f̃Δv • Bτ

)

−

(

f̃v + f̃Δv

)

• Bτ +

(

f̃v • Bτ

)(

f̃s • Cτ

)

−

(

f̃s • Bτ

)(

f̃v • Cτ

)

> 0
(32)  

B0 = (1,⋯, 1, 1)T
,Bτ =

(
− τ2Δt2,⋯, − 4Δt2, − Δt2)T

,Cτ = (τΔt,⋯, 2Δt,Δt)T 

Therefore, Eqs. (30) and (32) jointly constitute the string stability criteria for RNN-based CF models, which is more complex than 
that for FNN-based CF models because of the incorporation of multiple historical time steps. A similar process can be easily applied for 
RNN-based CF model with acceleration output, and to save space we directly present its stability criteria in Eqs. (33) and (34). 

(

f̃v • B0

)2

+ 2
(

f̃v • B0

)(

f̃Δv • B0

)

− 2̃fs • B0

+2
(

f̃v • B0

)(

f̃s • Cτ

)

− 2
(

f̃s • B0

)(

f̃v • Cτ

)

> 0
(33)  

(

f̃v • B0

)(

f̃v • Bτ

)

+

(

f̃v • Bτ

)(

f̃Δv • B0

)

+

(

f̃v • B0

)(

f̃Δv • Bτ

)

+ 2
(

f̃v + f̃Δv

)

• Cτ

+

(

f̃v • Bτ

)(

f̃s • Cτ

)

−

(

f̃s • Bτ

)(

f̃v • Cτ

)

+

(

f̃v • Cτ

)2

+ 2
(

f̃v • Cτ

)(

f̃Δv • Cτ

)

− f̃s • Bτ > 0
(34)  

3.5. Calculation of partial derivatives with automatic differentiation 

Although NN-based CF models become differentiable with approximated continuous activation functions, they are highly nonlinear 
with complicated hidden layers and have no explicit expression. Thus, how to calculate the partial derivatives within the obtained 
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string stability criteria remains unresolved. 
There are broadly three approaches for the computation of derivatives, including numerical differentiation (i.e., finite difference 

approximations (Burden, 2005)), symbolic differentiation (von zur Gathen et al., 2013) and automatic differentiation (AD) method 
(Güneş Baydin et al., 2015). Numerical differentiation relies on the definition of a derivative (using the simplest example, the de
rivative of function f(x) is estimated by df(x)

dx ≈
f(x+h)− f(x)

h , where h is a small deviation), while the approximation error easily occurs by 
the limited precision of computations and the chosen value of step size h, and it also requires many function evaluations especially for 
complex models with many inputs. Symbolic differentiation addresses the weakness of finite difference approximations, which ma
nipulates formulas to generate derivative expressions and exact values. However, it requires models to be defined as closed-form 
expressions and can quickly result in expression swell that is time-consuming to analyze. To overcome these issues, AD method is 
proposed, which basically first conducts symbolic differentiation at the elementary operation level (e.g., addition, subtraction) and 
stores the analytical derivative of each elementary function and then repeatedly applies the chain rule to these operations with their 
numerical values, so that partial derivatives of arbitrary order can be computed automatically. It is thus provided the generality of 
numerical techniques and the accuracy of analytical derivatives simultaneously. 

Therefore, we adopt the AD to evaluate derivatives for NN-based models. For the sake of easier understanding, a typical process of 
AD is presented here. As shown in Fig. 5, a function y = f(x) is break down to elementary functions, which is possible for most functions 
and models even for complex NN models. A computational graph is utilized to represent the function with intermediate variables h1,h2,

z. Meanwhile, the local gradient of each elementary function is calculated and stored, which is the analytical partial derivative of its 
output with respect to its input. For each input x fed forward, values of intermediate variables and output y are generated along the 
black arrows in Fig. 5. Then the global derivatives of output y with respect to the input factor x are computed by propagating the 
numerical results of local gradients backward along the red arrows using the chain rule as in Eq. (35). 

∂y
∂x

=
∂y
∂z

∂z
∂h1

∂h1

∂x
+

∂y
∂z

∂z
∂h2

∂h2

∂x
(35)  

4. Applying the framework to two typical NN-based CF models 

To verify the feasibility and performance of the proposed EADC framework, in this section, we apply the framework1 to two 
categories of NN-based CF models (i.e., FNN-based CF model and RNN-based CF model, respectively), and compare their theoretical 
stability characteristics with a widely used analytical CF model IDM. 

4.1. Model preparation 

4.1.1. The FNN-based CF model 
The FNN-based CF model used here was proposed by Mo et al. (2021), which is informed by the physics-based model (IDM) to 

better learn realistic driving behavior from naturalistic driving data. It leverages the advantage of both physics-based (being data- 
efficient and interpretable) and deep learning based (being generalizable) models. Despite the use of a physics-informed deep 
learning paradigm, the CF policy is essentially a MLP network (referred to as Mo-MLP model below) with three layers: an input layer 

Fig. 5. An example of AD process.  

1 The implementation of these models is available in https://github.com/tjzxh/EADC. 
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Fig. 6. Schematic illustration of the Mo-MLP model.  

Fig. 7. Schematic illustration of the Huang-LSTM model.  
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with input X = (sn(t), vn(t),Δvn(t) )T, an output layer with output y = v̇n(t), and three hidden layers of 60 neurons with the sigmoid 
activation function, as shown in Fig. 6. Thus, the Mo-MLP model can be mathematically formulated as Eq. (36), where the vectors W1,

W2,W3,W4 are the connection weights of neurons in consecutive layers. 
The Mo-MLP model was trained and tested using reconstructed NGSIM dataset (Montanino and Punzo, 2015), and the results 

demonstrated a decent performance with a RMSE of 0.89 m/s and 5.27 m for speed and gap. 

v̇n(t) = W4 • σ(W3 • σ(W2 • σ(W1 • (sn(t), vn(t),Δvn(t) ) ) ) ) (36)  

4.1.2. The RNN-based CF model 
The RNN-based CF model adopted in this study was proposed by Huang et al. (2018) based on LSTM (referred to as Huang-LSTM 

model below), which aims to capture realistic driving behavior by incorporating historical driving information. Specifically, the 
Huang-LSTM model adopted sn, vn,Δvn of last 5 s as inputs, i.e., X = (sn(t − τΔt : t − Δt), vn(t − τΔt : t − Δt),Δvn(t − τΔt : t − Δt) )T, 
where τ = 50, Δt = 0.1s and predicted the velocity of the following vehicle at the next time step, i.e., y = vn(t). The structure of the 
Huang-LSTM model is shown in Fig. 7, where the number of hidden layers and neurons in each hidden layer are set as 8 and 32, 
respectively, and the activation function in the output layer is a variant of ReLU called Parametric ReLU (f(x) = max(x, bx) and b =

0.9) in this study. 
In the hidden layers, the basic component is a standard LSTM memory block (Hochreiter and Schmidhuber, 1997), as shown in 

Fig. 8. Each memory block includes three controlling gates, i.e., the input, forget, and output gate, which regulate the flow of in
formation into and out of the cell. The compact forms of the equations are provided as follows: 

ft = σ
(
Wxf xt +Whf ht− 1 +Wcf ct− 1 + bf

)
(37)  

it = σ(Wxixt +Whiht− 1 +Wcict− 1 + bi) (38)  

ct = ftct− 1 + ittanh(Wxcxt +Whcht− 1 + bc) (39)  

ot = σ(Wxoxt +Whoht− 1 +Wcoct + bo) (40)  

ht = ottanh(ct) (41) 

where xt is the input data of each historical time step t, σ is the logistic sigmoid function, and i, f , c, o denote the input gate, forget 
gate, cell state vectors and output gate, respectively. W* (* = xi,hi,ci,xf ,hf ,cf ,xc,hc,xo,ho,co) is the weight matrix, and b* (* = i,f ,c,o) is 
the bias vector of each gate. 

The Huang-LSTM model is calibrated and validated using the reconstructed NGSIM I-80 dataset (the dataset used in the original 
paper is US-101 dataset). Since the insufficient data in the low-speed range in NGSIM dataset can bias the training, data augmentation 
(van Dyk and Meng, 2001) is conducted by simulating more CF data in low-speed range with the IDM calibrated with the reconstructed 
NGSIM dataset. The performance is also evaluated by RMSE of the speed and gap between the simulated trajectories and field data, 
which is 0.86 m/s and 4.80 m, showing that the proposed CF model is capable of reproducing realistic traffic flow characteristics. 

4.2. Results of theoretical stability analysis 

Following the proposed EADC framework, we first estimate the steady states of the trained Mo-MLP model and Huang-LSTM model. 
Specifically, for equilibrium velocities ranging from v = 0.5m/s to v = 20m/s with a step size of 0.5 m/s, corresponding equilibrium 
spacings are obtained, based on the optimization problem constructed in Section 3.2 where the feasible spacings range from s = 0.1m 
to s = 100m; a small step size of discretization δ = 0.001 and a tolerance error ε = 0.001 are used. Replacing the non-differentiable 
activation function, the linearization of CF models can be implemented and corresponding string stability criteria are derived as Eq. 

Fig. 8. Schematic diagram of the memory block of LSTM.  
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(17) for the Mo-MLP model, and Eqs. (30) and (32) for the Huang-LSTM model. Based on the stability criteria, we then determine the 
string stability of the two CF models for different equilibrium velocities with the implementation of AD method via autograd API in 
PyTorch. All results are presented in Fig. 9. 

As shown in Fig. 9(a), the theoretical string stability of the Mo-MLP model is only maintained for equilibrium velocities from 11.5 
m/s to 15 m/s, while it is unstable when the traffic is rather congested (smaller than 11.5 m/s) or in uncongested flow (larger than 15 
m/s). Its string stability value in Eq. (17) first increases and then drops as also presented in the subfigure of Fig. 9(a). Regarding the 
Huang-LSTM model, as we can see from Fig. 9(b), it is unstable with the equilibrium velocity under 12 m/s and stable with the 

Fig. 9. Theoretical string stability of NN-based CF models.  
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equilibrium velocity equal to or above 12 m/s. Note that the string stability value of the Huang-LSTM model in Eq. (30) exhibit a 
similar trend that first increases and then decreases, while the values of Eq. (32) in the criteria are all positive and thus omitted. 

Although both the Mo-MLP model and the Huang-LSTM model achieve superior performance in learning human behavior (as 
shown in Table 2), the results of steady states and corresponding string stability are different, largely due to their distinct architectures. 
However, the string instability in a relatively low-speed range (smaller than 11.5 m/s) is observed in both models, which reflects the 
potential negative effects of NN-based CF models for AV and necessitates the consideration of string stability in the model training. 

4.3. Comparison with analytical CF model 

To further demonstrate the theoretical stability results from the proposed framework, we compare them with the string stability 
result of a widely used analytical CF model–IDM using the conventional string stability analysis method, as the conventional method 
for analytical CF models has been widely applied. IDM is formulated in Eqs. (42) and (43). 

v̇n(t) = α
(

1 −
(

vn(t)
v0

)4

−

(
s*

n(t)
sn(t)

)2
)

(42)  

s*
n(t) = s0 + vn(t)T +

vn(t)Δvn(t)
2
̅̅̅̅̅̅
αβ

√ (43) 

where v0 is the desired speed, s*
n(t) is the desired spacing gap, s0 is the minimum gap at the standstill situation, T is the desired time 

gap, α is the maximum acceleration and β is the comfortable deceleration. Other variables have the same meanings as those introduced 
before. 

The parameters of IDM2 are also calibrated using the reconstructed NGSIM dataset and genetic algorithm, with the recommended 
Normalized Root Mean Squared Error (NRMSE) adopted as the objective function (Punzo et al., 2021). The average parameter values 
are: v0 = 20.9m/s, T = 1.37s, α = 0.97m/s2, β = 1.85m/s2, and s0 = 2.14m. We also assess the performance by RMSE of the speed and 
gap between the simulated trajectories and field data, which is 0.97 m/s and 6.37 m. As summarized in Table 2, we can see that the two 
NN-based CF models achieve better results in capturing realistic driving behavior, compared to the result of IDM. 

The relationship between equilibrium spacing se and equilibrium velocity ve is derived as: 

Table 2 
Performance of three CF models.  

Model Architecture RMSEv(m/s) RMSEs(m) 

Mo-MLP MLP NN  0.89  5.27 
Huang-LSTM LSTM NN  0.86  4.80 
IDM Analytical functions  0.97  6.37  

Fig. 10. String stability results of the IDM.  

2 This calibrated IDM is used as the physics-based model in the physics-informed deep learning CF model, i.e., Mo-MLP, and also used to simulate 
more data for the training of the Huang-LSTM. 
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se =
(s0 + veT)(v0)

2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(v0)
4
− (ve)

4
√ (44) 

Then, the string stability of IDM can be directly calculated using the traditional string stability method for analytical CF models 
with the stability criterion in Eq. (4), and the stability results are shown in Fig. 10. We can see that IDM is string unstable when the 
equilibrium velocity below 13 m/s and string stable with larger equilibrium velocity. The string stability value of IDM in Eq. (4), as 
shown in the subfigure, first increases with the equilibrium velocity and tends to decrease when the equilibrium velocity is larger than 
19 m/s. This is fairly consistent with the previous two NN based CF models, indicating the potential stability deterioration in 
uncongested traffic states. 

In summary, although the steady states and corresponding string stability varies with different models, we can conclude several 
remarks as follows. First, different architectures of NNs lead to different stability results. Specifically, the Mo-MLP shows string 
instability beyond 15 m/s while the Huang-LSTM is string stable, although both NNs are well-trained and can reproduce human 
behavior accurately. This underscores the importance of investigating the string stability of NN based CF models. Additionally, all the 
three models, including the NN-based models and IDM that trained or calibrated using naturalistic driving data, show string instability 
in the low-speed range (smaller than 11.5 m/s, i.e., 41.4 km/h). Human drivers are more string unstable under these traffic states and 
traffic oscillations could be propagated easily, which accords with the previous study (Jiang et al., 2017). Moreover, under uncon
gested traffic states, unstable driving behavior is very possible with decreased string stability values, which should be carefully 
investigated when designing new CF models. 

5. Validating the framework with numerical simulations 

Due to the unrealistic assumptions adopted in the theoretical stability analysis, such as infinite platoon and long-wavelength 
perturbation, discrepancies exist between the theoretical stability results and the real traffic, which can significantly harm the 
applicability of the theoretical stability criteria. One simple yet efficient method to validate the soundness and performance of the 
proposed EADC framework is to evaluate the consistency between the theoretical results and simulation results. For this purpose, a 
series of numerical simulation experiments with the Mo-MLP model and the Huang-LSTM model are implemented. We focus on the 
microscopic fundamental diagram (Treiber and Kesting, 2013), i.e., the equilibrium speed with respect to equilibrium gap or vice 
versa, and corresponding string stability of these two well-trained NN-based CF models. 

5.1. Simulation setup 

Following the setup in Sun et al. (2018), a homogeneous platoon of 100 identical vehicles drive on a very long, single-lane straight 
road with predefined velocities and corresponding equilibrium spacings calculated before. The vehicles then reach the equilibrium 
state rapidly. At t = 60s, a perturbation is introduced to the first leading vehicle, forcing it to first decelerate at − 0.5 m/s2 for 5 s and 
then accelerate at 0.5 m/s2 for another 5 s. After the perturbation, the first leading vehicle continues to cruise at the original equi
librium velocity. The states of the following vehicles are collected from the beginning to 1000 s, which contains the data before the 
perturbation and after the perturbation. 

In the simulation, for the Mo-MLP model, the acceleration is first calculated and the velocity and position are then updated with the 
kinematic equations as shown in Eqs. (45) and (46), and for the Huang-LSTM model, as the velocity is the direct output of the model, 
only the position is updated with Eq. (46). 

Fig. 11. Simulation results and theoretical results of the Mo-MLP model.  
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vn(t+Δt) = vn(t)+ an(t)Δt (45)  

Fig. 12. Simulation results of the Mo-MLP model.  
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xn(t+Δt) = xn(t)+ vn(t)Δt+
1
2

an(t)(Δt)2 (46) 

To evaluate the simulation results, we use three variables as the indicator of perturbation, including acceleration, velocity and 
spacing deviation from the steady states. More specifically, the CF model is identified as string stable if a monotonical decrease is 
achieved along the platoon for the infinity norm of all three variables; otherwise, it is string unstable. 

5.2. Simulation results 

For the Mo-MLP model, the simulation results of string stability for each steady state are presented in Fig. 11, which is totally 
consistent with the theoretical results computed before and thus verifies the proposed EADC framework. 

Examples of the simulation results for the Mo-MLP model is shown in Fig. 12, where the equilibrium speed are 5, 15, 20 m/s. For the 
sake of clarity, other simulation results are not provided here. The left three subfigures are the profiles of acceleration, velocity, and 
spacing, respectively for all the following vehicles in the platoon, while the right three subfigures show the evolutions of perturbation 
along the platoon to facilitate the analysis of string stability with ηk

n = ‖uk
n‖∞ − ‖uk

n− 1‖∞ (k denotes acceleration, velocity, or spacing), 
where ‖uk

n‖∞ = maxt
⃒
⃒uk

n(t)
⃒
⃒ is the maximum magnitude of uk

n in the time domain. For example, ηv
n represents the difference between the 

speed deviation of vehicle n and vehicle (n − 1). When ηk
n < 0 holds for all three states and each vehicle n, i.e., ∀n, ηa

n < 0, ηv
n < 0, ηs

n < 0 
(the blue solid lines remain below zero, the red dashed line), it means that the perturbation attenuates as it propagates away from the 
first leading vehicle and the string stability is satisfied; otherwise, it is string unstable. Apparently, the Mo-MLP is string unstable at 
ve = 5m/s and ve = 20m/s, and string stable at ve = 15m/s, which validates the theoretical results. 

For the Huang-LSTM model, the simulation results are shown in Fig. 13 in conjunction with the theoretical results. The estimated 
theoretical string stability results accord with the simulated results for all the steady states as well. The soundness of the proposed 
stability analysis framework for NN-based CF models is thus further verified. 

In addition, two typical simulation scenarios of the Huang-LSTM model are illustrated in Fig. 14 with equilibrium velocity ve =

5m/s,15m/s. Fig. 14(a) shows that the disturbance is amplified at ve = 5m/s, which is string unstable, while it is string stable at ve =

15m/s as the perturbations decay along the platoon in Fig. 14(b). 

6. Discussion 

6.1. Applicability of the framework for complex neural networks 

Compared to the conventional method of string stability analysis, we carefully accommodate each step as the EADC framework, 
including estimation of steady states, approximation of non-differentiable functions, derivation of string stability criteria, and 
calculation of partial derivatives. These proposed general methods make it applicable for various neural networks even with complex 
architectures and may be transferred to analyze the stability of other NN-based dynamic systems, which is discussed below. 

Specifically, the estimation of steady states is first transferred to a corresponding optimization problem that can be applied for any 
trained NN-based models. Although it is a brute-force search to solve this problem, the computation cost is negligible thanks to the 
limited size of candidate solutions. 

Regarding the non-differentiability of NN-based CF models, which arises from the non-differentiable activation functions, the aim 
of the second step is to replace the functions (e.g., the ReLU) with corresponding smooth approximation (e.g., the Softplus). However, 

Fig. 13. Simulation results and theoretical results of the Huang-LSTM model.  
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recent studies in deep learning with NN have developed other smooth activation functions such as Swish and Mish (Dubey et al., 2022), 
as differentiability is also desirable for activation functions to enable gradient-based optimization in training. The non-differentiability 
can be easily removed from NNs with the popularity of these continuous alternatives. 

As for the third step, the derived string stability criteria are generic for other NN-based CF models with similar input and output, 
despite the complexly internal structures, because the linearized expressions remain unchanged. Meanwhile, the basic input and 
historical information incorporated input have covered the majority configurations of NN-based CF models, as the basic input 
considering the subject vehicle and the preceding vehicle’s attributes is sufficient to capture the essence of CF behavior (Vasebi et al., 
2021) and additional temporal information can enhance the precision with memory effect (Wang et al., 2019). 

To circumvent the complexity of NN models, the last step is the calculation of partial derivatives in the stability criteria using AD. As 
NN models ultimately execute a sequence of elementary arithmetic operations and elementary functions regardless of their structures, 

Fig. 14. Simulation results of the Huang-LSTM model.  
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e.g., the convolution and pooling layer in CNN can be seen as the combination of addition and multiplication (Li et al., 2022), by 
applying the chain rule repeatedly to these operations, partial derivatives of arbitrary order can be computed automatically via AD. 
That is also the reason that, backpropagation, a special case of AD, is usually used in the training of NN. 

Fig. A1. Estimated and analytical results of the steady states of IDM and OVM.  

Fig. B1. Plots zoomed in zero for ReLU and Softplus activation functions.  

Fig. B2. The distribution of model-level approximation error.  
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6.2. Applications of the stability analysis framework 

Recently, CAVs have attracted lots of attention from both researchers and practitioners due to their potential to revolutionize the 
driving behaviors and traffic flow operations, and ultimately resolve many transportation-related issues, e.g., road safety, traffic 
congestion, energy consumption and vehicle emissions. Due to the superior performance in complex decision making, NN-based 
methods have been extensively employed in modeling CAVs (Yavas et al., 2022). However, the stability characteristics of these 
models are routinely ignored in either design or evaluation stage, despite the close relationship between CF stability and traffic os
cillations, riding comfort, etc. The disregard is mainly rooted in the fact that conventional string stability analysis method is not 
applicable for the non-differentiable and complex NNs. With the proposed EADC framework, the theoretical assessment of NN-based 
CAV models in terms of CF stability is achievable as well as the design of stable CAV controller. For example, the calculated string 
stability can be added as a component of the reward function in RL and punish the unstable CF policy to learn to maintain stability. 
Another way is to embed the derived stability criteria into the loss function of the NN models as a soft constraint, which is a typical 
method of physics-informed neural network by introducing learning bias (Karniadakis et al., 2021). Moreover, the stability analysis 
results bring more insights for the training of NN-based CF models. As the real-world vehicle trajectories include both stable and 
unstable vehicles, deliberated selection of training dataset based on the stability analysis for the development of more stable CAV 
models thus becomes possible. 

7. Conclusions 

Despite the recent significant progress in modeling CF behaviors using deep learning, the inherent characteristics of the NN-based 
CF models remain unclear, particularly the string stability that is closely associated with the traffic oscillation has not been investigated 
yet because of their extreme non-linearity and complexity. To fill this gap, this study developed a generic EADC framework for the 
theoretical analysis of NN-based CF models’ string stability, which mainly consists of Estimation (of steady states), Approximation (of 
non-differentiable functions), Derivation (of general stability criteria), and Calculation (of partial derivatives). 

Specifically, we converted the steady states estimation issue of NN-based CF models into an equivalent optimization problem. We 
then approximated the non-differentiable NN-based CF models by replacing the non-differentiable part, i.e., the activation function 
with its smooth approximation, and derived the general stability criteria for both the basic NN-based model and the multi-step his
torical information incorporated NN-based models with the Laplace transform based method. Additionally, we used the automatic 
differentiation method to facilitate the calculation of partial derivatives coefficients in the stability criteria. 

The EADC framework was applied to the Mo-MLP model for the basic model, and the Huang-LSTM model for the multi-step his
torical information incorporated model. We evaluated the string stability of the two models for different steady states and compared 
their stability features with IDM. The results reveal that the stability of NN-based CF models vary with different traffic states which is 
largely due to their complex architectures. 

In addition, we conducted a series of numerical simulations to examine the validity of the EADC framework. The simulation results 
are completely consistent with the theoretical results, which indicates the capability of the framework for assessing the stability of 
newly developed NN-based CF models. 

Finally, the applicability and future applications of the EADC framework were discussed. We believe that the proposed EADC 
stability analysis method can be a generic and powerful tool in assessing the stability of NN-based CF models and guiding the 
development of traffic flow optimizing CAV controllers. 
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Appendix A. . Validation of the steady state estimation 

Two widely used CF models with explicit functions of steady states are adopted to validate the proposed optimization problem for 
steady state estimation, including IDM and OVM. The IDM is defined by Eqs. (42) and (43) with typical parameters as follows: desired 
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velocity v0 = 33.3m/s, desired time headway T = 1s, maximum acceleration α = 1m/s2, comfortable deceleration β = 1.5m/s2, 
minimum distance s0 = 2m. The OVM with typical parameters is also adopted for verification, where its acceleration equation is given 
by: 

v̇ =
vopt(s) − v

τ (A1)  

vopt(s) = v0

tanh
(

s
Δs − β

)
+ tanhβ

1 + tanhβ
(A2)  

where the adaptation time τ = 0.65s, desired speed v0 = 33.3m/s, transition width Δs = 15m and form factor β = 1.5. The analytical 
function of steady states is shown in Eq. (A2). The estimated results in conjunction with the analytical function of steady states se(v) for 
both IDM and OVM are shown in Fig. A1. It shows that the estimated results totally accord with the analytical results, which dem
onstrates the capability of the proposed optimization problem for estimating steady states. 

Appendix B. . Validation of the approximation of non-differentiable functions 

To validate the feasibility of approximation, we comprehensively evaluate the approximation error between the ReLU and Softplus 
functions, as well as the errors between the ReLU-based and Softplus-based NN models. The maximum absolute error for the function- 
level approximation in zero input is around 0.007 as shown in Fig. B1, and the RMSE for the input range from − 10 to 10 is 1.4 × 10− 4, 
which shows high precision. Regarding the model-level approximation, we utilize a simple MLP model with ReLU activation function 
and evaluate the approximation errors when replacing the ReLU with Softplus function in the model without other changes. We 
compare the output of these two NN models with the same inputs. As shown in Fig. B2, the distribution of errors predominantly 
converges around zero, with an RMSE of 3.7 × 10− 4. The high-precision of both function- and model-level approximation lay a 
foundation for the high consistency between theoretical string stability and simulation results and further verify the practicability of 
the proposed EADC framework. 
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