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 A B S T R A C T

The integration of automated vehicles (AVs) into existing traffic of human-driven vehicles 
(HVs) poses significant challenges in modeling and optimizing mixed traffic flow. Existing 
research on the impacts of AVs often neglects the stochastic nature of traffic flow that gets 
further complicated by the introduction of AVs, and mainly relies on unrealistic assumptions, 
such as oversimplified headway or specific car-following (CF) models. The under-utilization 
of empirical AV datasets further exacerbates these issues, raising concerns about the realism 
and applicability of existing findings. To address these limitations, this paper presents a novel 
data-driven framework to model the stochastic fundamental diagram (SFD) of mixed traffic flow 
using AV trajectory datasets. Specifically, we learn the CF behavior of different leader–follower 
pairs (HV following AV, HV following HV, AV following HV, AV following AV) from data, 
unified by a conditional distribution, using the mixture density network (MDN). By formulating 
the platoon as a joint distribution through Markov chain modeling and incorporating all possible 
platoon arrangements, we then derive the SFD of mixed traffic flow. Using the NGSIM I-
80 dataset, which enables aggregating the empirical fundamental diagram, we validate the 
proposed framework by demonstrating high consistency with the empirical result. We then 
apply the framework to the Waymo dataset to evaluate the impact of real-world AVs on traffic 
flow. The results indicate that larger AV penetration rates lead to decreased mean capacity and 
critical density while reducing capacity uncertainty, due to the conservative yet stable behavior 
of current AVs. Overall, this work establishes a general probabilistic modeling framework for 
mixed traffic flow, enabling the input of real-world AV trajectory datasets and output of the 
SFD under given AV penetration rates and AV spatial distributions. The proposed framework 
further facilitates assessing and comparing mixed traffic management strategies, with significant 
implications for future traffic system design and policy-making.

1. Introduction

The fundamental diagram (FD), characterizing the relationship between macroscopic traffic variables, i.e., flow, density, and 
speed, has long been a cornerstone of traffic flow theory. In recent years, the stochastic fundamental diagram (SFD) has gained 
prominence for its capability of capturing the stochastic nature of traffic flow, caused by uncertainties in human driving behavior, 
dynamic traffic environments, and multiple sources of heterogeneity (Daganzo, 2002; Treiber et al., 2006; Kerner, 2009; Coifman, 
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2015). Notably, greater uncertainty is associated with increased traffic instability, often triggering stop-and-go waves and transitions 
to congestion. Therefore, the SFD also plays a crucial role in developing robust traffic control strategies to mitigate the uncertainty 
and enhance the stability and overall performance (Keyvan-Ekbatani et al., 2012; Qu et al., 2017; Wang et al., 2021; Zhang et al., 
2025).

The importance of SFD modeling has become increasingly evident with the integration of automated vehicles (AVs). First, AV 
driving behavior tends to be probabilistic and opaque due to the sophisticated artificial intelligence (AI)-based control algorithms (Yu 
et al., 2021; Zhang et al., 2024), especially in highly automated vehicle systems (i.e. Level 4 and 5). This complicates the modeling 
of AV-involved traffic flow and necessitates the explicit consideration of the resulting stochasticity. Second, the complex interactions 
between AVs and human-driven vehicles (HVs) further highlight the need for SFD modeling. Specifically, mixed traffic flow consists 
of four types of leader–follower pairs: HV following AV (HV-AV), HV following HV (HV-HV), AV following HV (AV-HV), and 
AV following AV (AV-AV), each exhibiting a different interaction pattern (Hu et al., 2023; Alhariqi et al., 2023). Therefore, the 
macroscopic properties of mixed traffic flow depend on the platoon arrangements (i.e., permutations of AVs and HVs), which 
introduce more stochasticity and require rigorous analysis.

Despite the significance of SFD modeling for mixed traffic, existing studies struggle to capture the full stochasticity arising 
from behavioral uncertainty and diverse platoon arrangements, and primarily focus on estimating the deterministic FD. These 
studies can be broadly divided into three categories: trajectory data-based, headway-based, and car-following (CF) model-based 
approaches. Typically assuming a triangular shape, trajectory data-based approaches directly construct the FD via extended Edie’s 
definition with self-collected data of mixed platoons (Shi and Li, 2021). Limited to the self-collected data, these trajectory data-based 
approaches can hardly be generalized to different conditions to account for stochasticity. Headway-based approaches utilize the 
inter-vehicle headway, often employing the headway distribution, and its reciprocal relationship to flow rate for FD modeling (Zhou 
and Zhu, 2020). However, the headway-based approaches oversimplify the complex driving behavior as the headway, and thus fail 
to capture the correlated microscopic interaction and the uncertainty at this behavioral level. Imposing strong assumptions on the 
longitudinal behavior, CF model-based approaches utilize specific CF models for each type of pair, and then simulate the FD for 
mixed platoons (Yao et al., 2023; Jiang et al., 2024b). Even extending these specific CF rules with additional random terms to 
represent behavioral uncertainty, laborious simulations are required to enumerate all the platoon arrangements exhaustively, which 
hinders efficient and systematic evaluation. In summary, despite strong assumptions (i.e., the triangular FD shape and specific CF 
models) or oversimplification (i.e., the headway for driving behavior), few existing approaches are able to effectively model the 
SFD of mixed traffic, considering both behavioral uncertainty and diverse platoon arrangements.

Beyond their failure to comprehensively account for stochasticity, existing studies rarely utilize open AV datasets. These publicly 
open data collected by AV companies are typically larger in scale and more widely accepted compared to self-collected data, 
providing valuable insights into real-world AV operations. Without utilizing these AV datasets, existing studies may not realistically 
characterize the AV behavior and its impact on traffic (Martínez-Díaz et al., 2024). However, using AV datasets presents several 
challenges. First, the very few existing AV datasets typically consist of short time segments (e.g., 20 s) sparsely located in AV 
operating regions (Liu et al., 2024). These fragmented trajectories make it difficult to directly aggregate the FD or calibrate CF 
models compared to fully observed trajectories in HV datasets. Second, even with complete trajectories, AV datasets would still be 
constrained to certain conditions with particular penetration rates and spatial distributions, which is challenging to generalize and 
capture the full spectrum of mixed traffic dynamics. These challenges are substantial obstacles but further underscore the need for 
empirically grounded SFD research that can effectively adapt to sparse AV trajectory datasets.

To address the aforementioned gaps and challenges, this paper aims to establish a more general SFD modeling framework that 
captures the stochasticity in mixed traffic arising from the complex AV behavior and diverse platoon arrangements, leveraging 
AV datasets while adapting to their sparsity. To this end, we develop a data-driven probabilistic framework for SFD modeling of 
mixed traffic, as shown in Fig.  1. This framework learns microscopic vehicle interactions from empirical trajectory data to ensure 
realism and adaptability while seamlessly integrating analytical derivations of the SFD from these interactions to achieve structural 
representation and scalability. Specifically, we begin by modeling the leader–follower interaction with a conditional distribution, 
which can be learned from data for different types of leader–follower pairs using the mixture density network (MDN). Building upon 
this microscopic model, we derive the joint distribution through Markov chain modeling, which represents the collective behavior 
of the platoon. Incorporating all possible platoon arrangements, we obtain the probabilistic macroscopic relation between flow and 
density under equilibrium conditions (i.e., the SFD).

The contributions of this study are as follows:

• We present a data-driven framework to model the SFD of mixed traffic flow considering both behavioral stochasticity and 
diverse platoon arrangements, which is adaptable to sparse AV datasets.

• We explicitly account for two types of stochasticity: (1) the stochastic leader–follower interaction of both AVs and HVs, 
modeled as the conditional distribution of the follower’s state given the leader’s velocity, and (2) the stochastic arrangements 
of AVs and HVs in the platoon, quantified by effectively enumerating all possible permutations.

• We systematically derive the SFD of mixed traffic from AV trajectory datasets. We first learn the proposed leader–follower 
conditional distribution, which is further decomposed into a two-step process, using the mixture density network. We then 
model the mixed platoon as a Markov chain and naturally derive the SFD under diverse arrangements.

• We thoroughly validate our framework against the empirical FD in the NGSIM I-80 dataset and simulations, and conduct a case 
study in the Waymo open dataset to assess the SFD of mixed traffic under varying AV penetration rates, spatial distributions, 
and lane management strategies, which provides valuable insights for AV deployments.
2 
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Fig. 1. Overview of this paper.

The rest of the paper is structured as follows: Section 2 reviews the related literature; Section 3 introduces the proposed 
framework; Section 4 validates the framework with the NGSIM dataset; Section 5 applies the framework to the Waymo dataset as a 
showcase to estimate the SFD of mixed traffic and evaluate corresponding traffic management strategies; and Section 6 summarizes 
the main findings.

2. Literature review

2.1. Empirical findings on the AV behavior

Several real-world datasets pertaining to high-level AV systems have been released recently including Lyft Level 5 AV 
Dataset (Houston et al., 2021), nuScenes Dataset (Caesar et al., 2020), and Waymo Open Dataset (Sun et al., 2020). These AV-
oriented datasets collect trajectories of the AV and its surrounding HVs from real-world scenarios, enabling empirical investigations 
of the AV behavior and its interaction with HV.

The empirical findings on mixed traffic interaction are two-fold. First, there are significant differences between AV and HV driving 
patterns. Wen et al. (2022) demonstrated that AVs maintain more consistent velocities compared to HVs, leading to enhanced traffic 
safety and improved behavioral certainty. Moreover, Hu et al. (2023) found that Waymo AVs exhibit a more conservative driving 
style, prioritizing safety at the expense of efficiency. Second, interestingly, the presence of AVs appears to influence human driving 
behavior. Many empirical studies report shorter distance and/or time headway for human drivers following AVs than following 
HVs. Wang et al. (2023) observed that human drivers maintain smaller distances with AVs than HVs in the deceleration process 
when approaching traffic signals using the Waymo dataset. Furthermore, Jiao et al. (2024) examined the Lyft open data and revealed 
that the homogeneous driving of AV can be transmitted to the following HV and thus decreases both the variance and the average 
time headway. Collectively, these empirical findings paint a nuanced picture of different leader–follower interactions in the mixed 
traffic, where AVs demonstrate more stable yet conservative driving patterns, while human drivers tend to follow AVs more closely.

Nevertheless, it is worth noting that these AV datasets are primarily used for the statistical analysis of microscopic behaviors 
and are rarely applied in macroscopic studies (see details in the next subsection). The reason lies in that the AV datasets exhibit 
sparse and discontinuous spatial distributions with short trajectory segments collected from every single AV, which is in contrast 
with typical HV datasets that offer comprehensive spatial and temporal coverage. This limitation, therefore, poses challenges for 
applying AV datasets in macroscopic studies of mixed traffic flow.

2.2. Fundamental diagram modeling of mixed traffic flow

There are mainly three approaches for FD modeling of mixed traffic, including trajectory data-based, headway-based, and CF 
model-based approaches.

Trajectory data-based approaches construct FDs directly from trajectory data, typically collected through self-designed exper-
iments to facilitate macroscopic modeling of mixed traffic. Shi and Li (2021) extended Edie’s definition with trajectories from 
3 
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the CATS Lab and I-75 datasets, and demonstrated the formation of a triangular FD further applied in simulating various mixed 
traffic scenarios. Using trajectory data collected from multiple experiments of commercial adaptive cruise control (ACC) vehicles 
under various headway settings, Li et al. (2022b) estimated linear equilibrium spacing-speed relationships for ACC systems, which 
were then translated into triangular-shaped FDs. By incorporating additional dimensions of traffic state variables and accounting 
for supply-side factors of roads, Liu et al. (2023) introduced a Gaussian process-based data-driven traffic flow model that extends 
the classical FD, which is validated through simulation experiments and demonstrates the ability to capture complex relationships 
between traffic state variables.

Headway-based approaches model the FD from the headway, leveraging its reciprocal relationship with the flow rate. Focusing 
solely on capacity, Ren et al. (2024) refined the composite headway distribution model by incorporating an automatic iterative 
algorithm based on extensive empirical data, demonstrating that factors such as penetration rate, platoon intensity, and vehicle 
type significantly impact mixed traffic capacity. Moreover, Zhao et al. (2024) integrated the stochastic headway model with the 
autocorrelation-based platooning intensity of CAVs, showing that stronger clustering does not necessarily lead to improved capacity. 
For the complete flow-density relation, Zhou and Zhu (2020) employed a Gaussian mixture model (GMM) to describe the stochastic 
headway and then derived the stochastic FD considering CAV penetration rates and platooning intensity in mixed traffic. Guan et al. 
(2023) developed a tailored Markov chain model to analyze the effects of vehicle platooning, deriving headway type probabilities 
and simulating FDs in scenarios involving semi- and fully-autonomous vehicles.

CF model-based approaches employ specific CF models for different types of vehicles to simulate the FD of mixed pla-
toon (Martínez-Díaz et al., 2024). Shang and Stern (2021) modeled ACC using the Intelligent Driver Model (IDM), calibrated with 
data collected from ACC-equipped vehicles, and then examined the impact of ACC on the FD through simulation. Additionally, Jiang 
et al. (2024b) employed IDM, ACC, and Cooperative Adaptive Cruise Control (CACC) models to simulate different CF modes while 
considering time lags, platooning intensity and CAV degradation, and obtained the corresponding FD through numerical experiments 
in mixed traffic. Building upon this CF modeling framework, Wang et al. (2025) examined how dedicated lanes for HVs affect the 
FD in simulation. Similarly, Lapardhaja et al. (2024) calibrated the CF model in Aimsun to emulate ACC-engaged test cars based on 
field experiments and then obtained the FD through simulation. Using a frequency-domain representation of vehicle kinematics and 
a continuum approximation of density and flow, Jiang et al. (2024a) established analytical connections between vehicle dynamics 
and traffic flow by deriving the dynamic FD directly from CF models.

From the literature review above, we identify three research gaps in the FD modeling of mixed traffic flow. First, the stochasticity 
stemming from the behavioral uncertainty and platoon arrangements is merely considered, despite being essential for a holistic 
description and robust control of mixed traffic flow. Second, these studies adopt strong assumptions about the FD model (e.g., the 
triangular shape) and CF behavior (e.g., specific CF models), or oversimplify the driving behavior using headway. Third, most 
existing studies lack empirical AV data, potentially resulting in AV behavior inconsistent with reality. To address these limitations, we 
develop a data-driven framework to derive the SFD of mixed traffic considering the stochastic CF behavior and platoon arrangements, 
which is effectively applied to the sparse trajectories in AV datasets.

3. Methodology

In this section, we present the general framework to estimate the SFD of mixed traffic flow with AV trajectory datasets. The basic 
idea is to first learn the microscopic behavior of various leader–follower pairs from sparse AV datasets. Such behavior is modeled 
as a conditional distribution to capture the dynamics and inherent uncertainty of the interaction between the leader and follower. 
By linking the leader–follower interaction to the collective behavior of platoon through Markov chain modeling, we then construct 
the SFD of the mixed platoon incorporating all possible platoon arrangements.

We frame this work as a data-driven framework, while seamlessly integrating analytical derivations, as it fundamentally relies on 
empirical trajectory data throughout the entire modeling process. By learning microscopic interactions directly from data with the 
neural network based approach, the framework can capture the realistic interactions in mixed traffic and generalize across diverse 
behaviors. Aggregating these empirically-derived microscopic behaviors, the analytical derivations of the macroscopic SFD provide a 
structured representation of traffic dynamics that explicitly characterizes the underlying patterns, ensuring scalability across various 
platoon configurations.

To avoid ambiguity, we distinguish random variables using upper case letters, including the speed of 𝑖th vehicle in the platoon 
𝑉𝑖, the spacing between 𝑖th vehicle and its leader 𝑆𝑖, the configuration of the platoon arrangement 𝑪, the equilibrium speed, density 
and flow of the platoon 𝑉 ,𝐾,𝑄. Appendix summarizes the notations used throughout this paper.

3.1. Microscopic behavior modeling

3.1.1. Formulation
Stemming from human inconsistency, dynamic environments, and various sources of heterogeneity, driving behavior exhibits 

inherent uncertainty. Therefore, microscopic states, such as the speed and spacing, are suggested to be modeled as random variables 
conditioned on its local traffic environment (Branston, 1976; Hoogendoorn and Bovy, 1998; Mahnke and Kaupužs, 1999; Jabari and 
Liu, 2012; Jabari et al., 2014). To capture this stochastic interaction, we propose the conditional distribution 𝑃 (STATES𝑖 ∣ ENV𝑖), 
where STATES𝑖 represents the states of vehicle 𝑖 and ENV𝑖 denotes its surrounding traffic context.

We focus on the CF process, a fundamental behavior that plays a crucial role in shaping the SFD. The widely used assumption 
in CF modeling, where the follower’s state is primarily determined by its leader (Brackstone and McDonald, 1999), is adopted for 
4 
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Fig. 2. Stochastic modeling of microscopic behavior for different leader–follower pairs.

both HVs and AVs. Note that this assumption can also be regarded as the Markov property of the CF process. Formally, we define 
the leader–follower interaction as the conditional distribution of the follower’s speed 𝑉𝑖 and spacing 𝑆𝑖 given the leader’s speed 
𝑉𝑖−1, i.e., 𝑃 (𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1), where 𝑃 (𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1) = 𝑃 (𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1,… , 𝑉0, 𝑆𝑖−1,… , 𝑆1). We only model the stationary distribution 
without considering time evolution, and the transient adaptation process is not explicitly modeled but rather treated as a series 
of equilibrium states for simplicity and effectiveness. This is reasonable since the SFD under equilibrium mainly depends on 
stationary conditions. In essence, the proposed leader–follower conditional distribution provides a more general representation 
of microscopic behavior. Unlike specific CF rules that imply strong assumptions, this conditional distribution naturally captures 
essential longitudinal interactions while eliminating time evolution, making it both compatible with sparse AV trajectory datasets 
and effective for modeling macroscopic traffic flow through a joint distribution.

Moreover, this leader–follower conditional distribution can be further decomposed into two parts: 

𝑃 (𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1) =
𝑃 (𝑉𝑖, 𝑆𝑖, 𝑉𝑖−1)

𝑃 (𝑉𝑖−1)
=

𝑃 (𝑉𝑖, 𝑉𝑖−1)
𝑃 (𝑉𝑖−1)

𝑃 (𝑉𝑖, 𝑆𝑖, 𝑉𝑖−1)
𝑃 (𝑉𝑖, 𝑉𝑖−1)

= 𝑃 (𝑉𝑖 ∣ 𝑉𝑖−1)𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1) (1)

where we characterize the CF behavior as a two-step process: the follower first decides its speed based on the speed of the leader 
(represented by the first term 𝑃 (𝑉𝑖 ∣ 𝑉𝑖−1), assuming that on average the follower’s speed is largely driven by the leader’s speed, 
which is supported by the near 𝑦 = 𝑥 relationship in scatter plots of follower and leader speeds, see Fig.  4(a)) and then adjusts the 
spacing between them according to their speeds (represented by the second term 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1)). Together, these two parts of the 
leader–follower interaction determine the state of the follower given the leader’s speed.

Reflecting a two-step reaction process, the decomposition further simplifies the learning task. Since the first term can be easily 
extracted from empirical data, only the second term requires learning. This decomposition allows us to reformulate a one-input, 
two-output problem (𝑃 (𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1)) into a simpler two-input, one-output configuration (𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1)). We can thus leverage 
richer input information for a focused single prediction task, rather than balancing multiple outputs (Caruana, 1997; Bishop, 2006). 
This two-step modeling framework for microscopic behavior is presented in Fig.  2.

3.1.2. Learning from data
Following the two-step formulation of microscopic behavior, for each type of leader–follower pair, we first extract the empirical 

𝑃 (𝑉𝑖 ∣ 𝑉𝑖−1) from dataset by discretizing speeds. Given the natural tendency of the follower to align its speed with the leader (as 
evidenced in Fig.  4(a)), this simple conditional distribution is nearly uni-modal, making it straightforward to estimate from the data.

The second step of adjusting the spacing given the leader and follower’s speeds, 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1), is more challenging. Since it 
involves an additional dimension and the spacing range is much larger than the speed range, leading to data sparsity under fine-
grained discretization, especially given the relatively insufficient data size of AV datasets. Moreover, the spacing varies with the 
speeds of the leader and follower, and the intricate relationships between these variables are highly likely to result in a multi-modal 
distribution. Therefore, this complex distribution cannot be estimated accurately through the empirical approach.
5 
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To learn this complex conditional distribution 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1) from data, we introduce the mixture density network (MDN). 
Unlike the Bayesian neural network, which struggles to produce precise and normalized probabilities without costly posterior 
sampling (Jospin et al., 2022), the MDN integrates conventional neural networks with the mixture density model (e.g., the Gaussian 
Mixture Model (GMM)) to map the conditional variables to the mixture parameters directly from data, allowing it to approximate 
any conditional distribution to arbitrary precision (Bishop, 1994). Owing to the flexibility and capability of modeling multi-modal 
distribution, the MDN is widely applied across diverse fields such as trajectory prediction in robotics (Choi et al., 2018), speech 
synthesis in acoustic modeling (Zen and Senior, 2014), wind power forecasting in energy management (Zhang et al., 2020) and 
human pose estimation in computer vision (Li and Lee, 2019). This paper utilizes a commonly used Gaussian mixture model-
based MDN to learn the 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1). To ensure a physically meaningful distribution, we further employ the truncated normal 
distribution (Johnson et al., 2005) to avoid the density leakage problem, as the output spacing is constrained between 0 to a 
maximum value 𝑠𝑚𝑎𝑥.

Formally, the MDN is a neural network that takes the conditional variables 𝑉𝑖, 𝑉𝑖−1 as input, and gives the parameters of a 
Gaussian mixture model as output. In other words, the MDN defines a probability distribution of the output variable 𝑆𝑖 conditioned 
on the input. It follows the form of a Gaussian mixture model given as: 

𝑃 (𝑆𝑖 = 𝑠𝑖 ∣ 𝑉𝑖 = 𝑣𝑖, 𝑉𝑖−1 = 𝑣𝑖−1) =
𝑀
∑

𝑚=1
𝛼𝑚(𝑣𝑖, 𝑣𝑖−1;𝜽) ⋅  

(

𝑠𝑖;𝜇𝑚(𝑣𝑖, 𝑣𝑖−1;𝜽), 𝜎𝑚2(𝑣𝑖, 𝑣𝑖−1;𝜽), 0, 𝑠𝑚𝑎𝑥
)

(2)

where 𝑀 is the number of mixture components, 𝛼𝑚(𝑣𝑖, 𝑣𝑖−1;𝜽), 𝜇𝑚(𝑣𝑖, 𝑣𝑖−1;𝜽), and 𝜎𝑚2(𝑣𝑖, 𝑣𝑖−1;𝜽), respectively, correspond to the 
mixture weight, mean and variance of the 𝑚th truncated normal distribution component   (⋅) given the conditional variables. 
All these parameters of the mixture model are governed by the neural network with a set of learnable weights 𝜽. For the neural 
network, we employ a standard multi-layer perceptron, consisting of a single hidden layer with hyperbolic tangent units and an 
output layer with linear units, as shown below:

𝛼𝑚(𝑣𝑖, 𝑣𝑖−1;𝜽) =
exp

(

𝑧(𝛼)𝑚 (𝑣𝑖, 𝑣𝑖−1;𝜽)
)

∑𝑀
𝑗=1 exp

(

𝑧(𝛼)𝑗 (𝑣𝑖, 𝑣𝑖−1;𝜽)
) (3)

𝜇𝑚(𝑣𝑖, 𝑣𝑖−1;𝜽) = max
(

0, 𝑧(𝜇)𝑚 (𝑣𝑖, 𝑣𝑖−1;𝜽)
)

(4)

𝜎𝑚(𝑣𝑖, 𝑣𝑖−1;𝜽) = exp
(

𝑧(𝜎)𝑚 (𝑣𝑖, 𝑣𝑖−1;𝜽)
)

(5)

where 𝑧(𝛼)𝑚 , 𝑧(𝜇)𝑚  and 𝑧(𝜎)𝑚  are network outputs for the mixture weight, mean and variance of the 𝑚th truncated normal distribution 
component. The use of the softmax function in Eq. (3) constrains the mixture weights to be positive and sum to 1. Similarly, the 
ReLU (rectified linear unit) function in Eq. (4) and the exponential in Eq.  (5) keep the mean and standard deviation positive.

Using maximum likelihood estimation, we train the MDN to find the optimal weights 𝜽∗ of the neural network. Specifically, we 
minimize the following negative conditional log-likelihood: 

𝜽∗ = argmin
𝜽

−
∑

𝑗
log𝑃𝜽(𝑆

(𝑗)
𝑖 ∣ 𝑉 (𝑗)

𝑖 , 𝑉 (𝑗)
𝑖−1) (6)

where  =
{(

(𝑉 (𝑗)
𝑖 , 𝑉 (𝑗)

𝑖−1), 𝑆
(𝑗)
𝑖

)

∣ 𝑗 = 1, 2,…
}

 is a set of input–output pairs in training data. For the purpose of numerical stability, 
the adaptive learning rate method Adam (Kingma and Ba, 2014) is employed with gradient clipping technique (Zhang et al., 2019) 
in the training phase.

3.2. Stochastic fundamental diagram modeling

Based on the proposed microscopic model, in this subsection we derive the SFD of mixed traffic flow incorporating all possible 
platoon arrangements, see Fig.  3. In particular, we link the proposed leader–follower conditional distribution to the joint distribution 
of a platoon through Markov chain modeling. By synthesizing all possible platoon arrangements, characterized by configurations 
that consist of varying compositions of HV-AV, HV-HV, AV-HV and AV-AV pairs, we then obtain the SFD of mixed traffic flow.

3.2.1. Joint distribution of platoon
To capture the collective behavior of the entire platoon for SFD modeling, we aggregate the leader–follower conditional 

distribution to derive the joint distribution of the platoon. Formally, consider a section of single-lane highway where vehicle 𝑖
follows vehicle (𝑖− 1), as illustrated in Fig.  3, the joint distribution of vehicles’ speeds and spacings in the platoon is represented as 
𝑃
(

𝑉1,… , 𝑉𝑛, 𝑆1,… , 𝑆𝑛 ∣ 𝑉0
)

, where 𝑛 is the total number of vehicles in the study section and 𝑉0 is the speed of the leading vehicle 
in the platoon.

By the chain rule in probability, this joint distribution can be factorized into the product of leader–follower conditional 
distributions:

𝑃
(

𝑉1,… , 𝑉𝑛, 𝑆1,… , 𝑆𝑛 ∣ 𝑉0
)

=
𝑛
∏

𝑖=1
𝑃
(

𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1,… , 𝑉1, 𝑆𝑖−1,… , 𝑆1, 𝑉0
)

=
𝑛
∏

𝑃
(

𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1
)

(7)

𝑖=1
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Fig. 3. SFD modeling of mixed traffic flow based on the leader–follower conditional distribution.

where the first equation follows the chain rule in probability, and the second equation results from the adopted Markov assumption 
for leader–follower interactions, i.e., the speed and spacing of follower 𝑖 solely depends on the speed of its leader 𝑖 − 1.

We further derive the joint distribution of platoon under equilibrium, as the fundamental diagram is the macroscopic relation in 
equilibrium conditions. In the context of traffic flow, the equilibrium typically implies identical speeds (Treiber and Kesting, 2013; 
Montanino and Punzo, 2021), denoted by the equilibrium speed 𝑉 . For a given equilibrium speed 𝑉 = 𝑣𝑒, all vehicles in the platoon 
adopt this speed value simultaneously, while the corresponding equilibrium spacing can vary due to heterogeneous CF behaviors in 
the mixed traffic, denoted as 𝑺 =

(

𝑆1,… , 𝑆𝑛
)

. Thus the resulting joint distribution under equilibrium is given as: 

𝑃
(

𝑉 = 𝑣𝑒,𝑺 = 𝒔
)

=
𝑛
∏

𝑖=1
𝑃
(

𝑉𝑖 = 𝑣𝑒, 𝑆𝑖 = 𝑠𝑖 ∣ 𝑉𝑖−1 = 𝑣𝑒
)

=
𝑛
∏

𝑖=1
𝑃 (𝑉𝑖 = 𝑣𝑒 ∣ 𝑉𝑖−1 = 𝑣𝑒)𝑃 (𝑆𝑖 = 𝑠𝑖 ∣ 𝑉𝑖 = 𝑣𝑒, 𝑉𝑖−1 = 𝑣𝑒)

(8)

where the last equation is given by the two-step decomposition in Eq. (1).

3.2.2. SFD derivation incorporating platoon arrangements
The platoon with varying arrangements of AVs and HVs can exhibit different characteristics due to heterogeneous leader–follower 

interactions, adding another layer of stochasticity to the SFD. To capture the stochastic effects of platoon arrangements, given the 
total number of vehicles 𝑛 and AV penetration rate 𝑝, we efficiently obtain all unique permutations using lexicographic permutation 
generation (Sedgewick, 1977). These permutations can be characterized by the composition of pair types, and are thus grouped 
into platoon configurations denoted as 𝑪 =

(

𝑁HA, 𝑁HH, 𝑁AH, 𝑁AA
)

, where 𝑁HA, 𝑁HH, 𝑁AH and 𝑁AA are the number of HV-AV, 
HV-HV, AV-HV, and AV-AV pairs respectively. We then calculate the probability of each configuration 𝑃 (𝑪) based on its frequency 
of occurrence. Here we assume a random spatial distribution of AVs and HVs as the general case, which can be easily replaced with 
alternative spatial distribution strategies by filtering permutations from the random distribution results based on the desired spatial 
constraints.

Combining diverse platoon arrangements, characterized by the distribution of platoon configurations, with the dynamics of 
the platoon under each configuration, represented by the joint distribution, we derive the SFD of the mixed traffic flow under 
equilibrium. To be specific, given the equilibrium speed 𝑣𝑒, we first obtain the equilibrium joint distribution under each platoon 
configuration 𝒄 using Eq. (8): 

𝑃
(

𝑉 = 𝑣𝑒,𝑺 = 𝒔 ∣ 𝑪 = 𝒄
)

=
𝑛HA
∏

𝑖=1
𝑃HA

(

𝑣𝑒, 𝑠𝑖 ∣ 𝑣𝑒
)

𝑛HH
∏

𝑗=1
𝑃HH

(

𝑣𝑒, 𝑠𝑗 ∣ 𝑣𝑒
)

𝑛AH
∏

𝑃AH
(

𝑣𝑒, 𝑠𝑚 ∣ 𝑣𝑒
)

𝑛AA
∏

𝑃AA
(

𝑣𝑒, 𝑠𝑟 ∣ 𝑣𝑒
)

(9)
𝑚=1 𝑟=1
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where 𝒄 =
(

𝑛HA, 𝑛HH, 𝑛AH, 𝑛AA
) is a given platoon configuration, 𝒔 =

(

⋯ , 𝑠𝑛HA ,… , 𝑠𝑛HH ,… , 𝑠𝑛AH ,… , 𝑠𝑛AA
)

 denotes a sequence instance 
of the corresponding equilibrium spacings in the platoon, and 𝑃LF

(

𝑉𝑖, 𝑆𝑖 ∣ 𝑉𝑖−1
) with LF ∈ {HA,HH,AH,AA} represents the complete 

leader–follower conditional distributions.
Using the relation between equilibrium spacing and density 𝑘 = 𝑛

∑𝑛HA
𝑖=1 𝑠𝑖+

∑𝑛HH
𝑗=1 𝑠𝑗+

∑𝑛AH
𝑚=1 𝑠𝑚+

∑𝑛AA
𝑟=1 𝑠𝑟

, we have: 

𝑃
(

𝑉 = 𝑣𝑒, 𝐾 = 𝑘 ∣ 𝑪 = 𝒄
)

=
𝑛HA
∏

𝑖=1
𝑃HA

(

𝑣𝑒, 𝑠𝑖 ∣ 𝑣𝑒
)

𝑛HH
∏

𝑗=1
𝑃HH

(

𝑣𝑒, 𝑠𝑗 ∣ 𝑣𝑒
)

𝑛AH
∏

𝑚=1
𝑃AH

(

𝑣𝑒, 𝑠𝑚 ∣ 𝑣𝑒
)

𝑛AA
∏

𝑟=1
𝑃AA

(

𝑣𝑒, 𝑠𝑟 ∣ 𝑣𝑒
)

(10)

Incorporating all platoon configurations with the law of total probability, we obtain: 
𝑃
(

𝑉 = 𝑣𝑒, 𝐾 = 𝑘
)

=
∑

𝒄
𝑃
(

𝑉 = 𝑣𝑒, 𝐾 = 𝑘 ∣ 𝑪 = 𝒄
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
stochastic CF behaviors

𝑃 (𝑪 = 𝒄)
⏟⏞⏞⏟⏞⏞⏟

platoon arrangements
(11)

where this distribution is further normalized to ensure that ∑𝑣𝑒
∑

𝑘 𝑃
(

𝑉 = 𝑣𝑒, 𝐾 = 𝑘
)

= 1.
Overall, we explicitly capture two key sources of stochasticity: the stochasticity in CF behavior under each platoon configuration 

and the uncertainty arising from different platoon arrangements, highlighting a core contribution of our work. Note that although 
the AV penetration rate 𝑝 does not explicitly appear, it governs the feasible platoon configurations 𝑪 and their distribution 𝑃 (𝑪).

With 𝑄 = 𝐾𝑉 , we further derive the probabilistic relation between flow and density (i.e., the SFD): 

𝑃
(

𝑄 = 𝑘𝑣𝑒 ∣ 𝐾 = 𝑘
)

=
𝑃
(

𝑉 = 𝑣𝑒, 𝐾 = 𝑘
)

𝑃 (𝐾 = 𝑘)
=

𝑃
(

𝑉 = 𝑣𝑒, 𝐾 = 𝑘
)

∑

𝑣𝑒
𝑃
(

𝑉 = 𝑣𝑒, 𝐾 = 𝑘
) (12)

For each density 𝐾 = 𝑘, it gives the distribution of flow 𝑄 and allows us to further compute the mean and variance, providing 
a comprehensive description for macroscopic characteristics of mixed traffic flow.

4. Validation

Due to the lack of ground-truth SFD in sparse AV datasets, in this section, we use the human driving trajectories in the NGSIM I-80 
dataset and simulation experiments to validate the proposed framework against the empirical fundamental diagram. Specifically, we 
seek to demonstrate the capability of our framework to accurately estimate the SFD from sparse trajectory data with short segments. 
To this end, we first randomly extract 20-s segments from CF events to replicate the sparsity of AV trajectory data, and learn the 
microscopic model for the leader–follower pair. Incorporating the platoon arrangement, we obtain the estimated SFD that is then 
verified with the empirical result.

4.1. Validation using NGSIM dataset

4.1.1. Data preparation
We utilize the reconstructed NGSIM I-80 dataset processed by the reconstruction procedure (Montanino and Punzo, 2015) with 

inconsistencies and noise eliminated. The data were collected along the Interstate freeway I-80 in the San Francisco Bay area during 
4:00–4:15 pm on April 13, 2005. There are 6 lanes in the study area, including a left-most High-Occupancy Vehicle (HOV) lane, 
4 regular lanes, and a shoulder lane with the on-ramp and off-ramp. In order to avoid abnormal CF states caused by the HOV 
lane and merging and diverging behaviors, only the trajectory data of automobiles on the central lanes (lane 2, 3, 4) are taken 
into consideration. To further replicate the sparsity of AV trajectory data, we randomly extract a 20-s segment from each CF pair, 
leading to a total of 200,090 CF samples for microscopic behavior learning.

We further construct the empirical FD for validation. In particular, we aggregate the trajectory data within lane 2–4 upstream 
of the on-ramp bottleneck to capture a holistic traffic flow dynamics. The spatial interval for aggregation is 100 m, ranging from 
144 m to 244 m of local Y, and the time interval for aggregation is 10 steps (1 s). We then compute the empirical density and flow 
by Edie’s definition (Edie, 1963).

4.1.2. Microscopic behavior learning
Following the proposed two-step model for leader–follower interactions, we first get the empirical speed conditional distribution 

𝑃 (𝑉𝑖 ∣ 𝑉𝑖−1) for the HV-HV pair by discretizing speeds. With a small discretization step, the discretization results (Fig.  4(b)) preserve 
the main feature of the original data (Fig.  4(a)), where the follower tends to keep a similar speed with its leader as expected.

For the second step, we train the MDN as formulated in Eq. (2), to model the spacing adjustment given the leader and follower’s 
speeds 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1). The hyperparameters are determined by conducting a grid search, and the results are presented in Table 
1. Based on these hyperparameters, we then train the MDN with 80% of the extracted CF data. The remaining data is used for 
testing and is further divided into multiple subsets based on the conditional variables (𝑉𝑖, 𝑉𝑖−1). For each test subset, we calculate 
the expected spacing of both the trained MDN and the empirical data. The mean absolute error (MAE) and the mean absolute 
percentage error (MAPE) between these expectations are then used to evaluate the performance of the trained model. The trained 
MDN achieves a low MAE of 0.62 m and a MAPE of 2.8%, demonstrating its efficacy in replicating microscopic driving behavior.
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Fig. 4. Empirical speed conditional distribution extracted from NGSIM I-80 dataset.

Table 1
Hyperparameters and results of trained MDN for 𝑃 (𝑆𝑖 ∣ 𝑉𝑖 , 𝑉𝑖−1) using NGSIM I-80 dataset.
 Num of components 𝑀 Num of neurons in hidden layer MAE (m) MAPE 
 100 128

0.62 2.8%
 

 Training data size Training epoch  
 160072 15000  

4.1.3. Stochastic fundamental diagram estimation
In this section, we apply the proposed framework to derive the SFD from the microscopic model. We first substitute the complete 

microscopic model, which is the product of the empirical speed conditional distribution 𝑃 (𝑉𝑖 = 𝑣𝑒 ∣ 𝑉𝑖−1 = 𝑣𝑒) and trained MDN 
for 𝑃 (𝑆𝑖 ∣ 𝑉𝑖 = 𝑣𝑒, 𝑉𝑖−1 = 𝑣𝑒), into Eq. (8) to obtain the joint distribution for the platoon under equilibrium. Under the special case 
of HV-HV pairs only in the platoon, the joint distribution of speed and density 𝑃 (

𝑉 = 𝑣𝑒, 𝐾
) is then obtained using Eqs. (9)–(11), 

and the SFD modeled as 𝑃 (𝑄 ∣ 𝐾) is further derived with Eq. (12) utilizing the speed-density-flow relationship. Numerically, we 
enumerate equilibrium speeds 𝑣𝑒 and corresponding equilibrium spacings, and then calculate the resulting flow-density points with 
their probabilities.

The estimated SFD is presented in Fig.  5(a), where a deeper green represents a higher probability of flow for each density. Note 
that although the light green points appear uniform, they are varying low-probability states (most below 0.05), which is difficult 
to distinguish for the limited sensitivity of the color scale. Also due to the enumeration of equilibrium states, the estimated SFD is 
composed of multiple straight lines, where each one corresponds to a specific equilibrium speed. We compare the estimated SFD 
with empirical data, as shown in Fig.  5(b). To quantify the model’s ability to capture variability in the FD, we use the Prediction 
Interval Coverage Probability (PICP) indicator (Jabari et al., 2014; Lei et al., 2024), which measures the proportion of empirical 
observations that lie within the predicted intervals. The high PICP value of 90.6% reinforces that most empirical data fall into the 
theoretically possible range in the flow-density space. Moreover, the estimated flow expectation closely aligns with the empirical 
results, with a MAPE of 9.1%, further validating the proposed framework.

4.2. Validation using simulation

4.2.1. Simulation setup
To further validate the proposed framework for its ability to accommodate heterogeneous leader–follower pairs, we conduct 

numerical simulation experiments using different Intelligent Driver Models (IDM) for four combinations. The IDM model, as a widely 
used CF model for both HV CF and AV CF behaviors (Punzo et al., 2021), is formulated as Treiber et al. (2000): 

𝑎𝑛(𝑡) = 𝑎

[

1 −
(

𝑣𝑛(𝑡)
𝑣0

)4
−
(

𝑠∗(𝑡)
𝑠𝑛(𝑡)

)2
]

(13a)

𝑠∗(𝑡) = 𝑠0 + 𝑣𝑛(𝑡)𝑇 +
𝑣𝑛(𝑡)

[

𝑣𝑛(𝑡) − 𝑣𝑛−1(𝑡)
]

2
√

𝑎𝑏
(13b)
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Fig. 5. Empirical and estimated SFD of NGSIM I-80 dataset.

Table 2
Calibrated parameters of IDM and results of trained MDN for 4 leader–follower pairs.
 IDM parameters MDN results
 𝑇  (s) 𝑠0 (m) 𝑎 (m∕s−2) 𝑏 (m∕s−2) 𝑣0 (m∕s) 𝛥% MAE (m) MAPE 
 HV-AV 1.13 2.24 1.58 1.19 18.7 50% 0.18 1.1%  
 HV-HV 1.17 3.28 1.84 1.29 19.1 20% 0.16 1.0%  
 AV-HV 1.55 5.22 1.87 1.02 18.6 5% 0.81 4.7%  
 AV-AV 0.82 5.83 0.34 4.92 28.7 1% 0.73 3.5%  

where 𝑎 is the maximum acceleration, 𝑣0 is the desired speed, 𝑠0 is the minimum gap, 𝑇  is the desired time gap, 𝑏 is the comfortable 
deceleration, 𝑠∗(𝑡) is the desired gap, 𝑎𝑛(𝑡), 𝑣𝑛(𝑡), 𝑠𝑛(𝑡) are the follower’s acceleration, speed, spacing respectively, and 𝑣𝑛−1(𝑡) is the 
leader’s speed.

We adopt calibrated IDM parameters for HV-AV, HV-HV and AV-HV pairs using the Waymo dataset (Hu et al., 2023). Due to the 
sparsity of AV trajectory datasets, the calibrated IDM may not be able to precisely replicate the CF behavior, but it is sufficiently 
accurate for validation purposes. Additionally, since the Waymo dataset does not include any AV-AV pairs, we calibrate the IDM for 
the AV-AV pair using the CF data of Adaptive Cruise Control (ACC) following ACC in the OpenACC dataset (Makridis et al., 2021). 
To further account for the stochastic CF behavior, we introduce a relative change in parameters, denoted as 𝛥%, according to the 
stochasticity level of leader–follower pairs in the empirical analysis (Jiao et al., 2024). All the parameters for 4 combinations are 
summarized in Table  2.

Using these CF models for different leader–follower pairs, we perform numerical simulations on a 300 m single-lane ring road 
with a total of 20 vehicles (Sugiyama et al., 2008; Vinitsky et al., 2018) under various AV penetration rates. For each 600 s simulation 
run, the platoon arrangement is determined randomly, and each vehicle adopts the corresponding IDM model with parameters 
varying within the relative change for its leader–follower type. After 500 experiments for each AV penetration rate, we collect the 
simulated CF data to train the proposed microscopic model and aggregate the FD using a 100 m spatial interval and a 60 s time 
interval for validation.

4.2.2. Microscopic behavior learning
Based on the two-step microscopic model of leader–follower interactions, we first use the simulated CF data for each pair type 

to obtain the empirical conditional speed distribution 𝑃 (𝑉𝑖 ∣ 𝑉𝑖−1) by discretizing speeds, and then train the MDN for 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1)
with the hyperparameters selected via grid search. As shown in Table  2, all the trained MDN achieves low MAE and MAPE within 
0.9 m and 5% respectively, verifying its ability to learn the microscopic behavior from the data.

4.2.3. Stochastic fundamental diagram estimation
Following the proposed micro-macroscopic framework, we estimate the SFD based on the trained microscopic model under 

various AV penetration rates. For the sake of brevity, we only present the results under 15% AV in Fig.  6(a), where a darker green 
indicates a higher probability of flow for each density. To evaluate the accuracy of the estimated SFD, we compute the MAPE 
between estimated mean flow and simulation mean flow and the PICP of the stochastic estimation, which are 1.7% and 87.6% 
respectively. These results corroborate the visual observations in Fig.  6(b), demonstrating that the estimation is highly consistent 
with the simulation result and thus validating the effectiveness of the proposed framework.
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Fig. 6. Simulation and estimated SFD under 15% AV.

5. Case study in Waymo dataset

In this section, we apply the proposed framework to the Waymo Open Dataset to assess the impact of real-world AVs on traffic 
flow. Specifically, we learn the stochastic and heterogeneous leader–follower interactions from the Waymo dataset, based on which 
we derive the SFD of mixed traffic flow under varying AV penetration rates. This flexible framework further allows us to investigate 
mixed traffic management strategies, such as the design of AV spatial distribution and dedicated lanes, to enhance the performance.

5.1. Data preparation

The Waymo Open Dataset (Sun et al., 2020) offers a large scale of sensor data collected by AVs across various U.S. cities (i.e., San 
Francisco, Phoenix, and Mountain View). This dataset comprises 1000 segments, most from urban streets, each 20 s long, recorded 
at a high resolution of 0.1 s with a sophisticated sensor suite consisting of 5 LiDARs (1 mid-range and 4 short-range) and 5 cameras 
(front and sides). Utilizing these real-time sensor outputs with pre-built maps, the AV can thus pinpoint the positions of surrounding 
objects and itself.

To prepare this rich dataset for driving behavior modeling, a comprehensive process of restructuring, assessment, and enhance-
ment is undertaken as per Hu et al. (2022). Particularly, the original data is transformed into a user-friendly tabular format, 
incorporating 25 essential attributes such as environment information, object features and object tracking trajectories. This processed 
dataset then undergoes rigorous quality assessments, including internal consistency analysis to ensure that position differentiation 
yield consistent velocity and acceleration, jerk analysis to identify anomalies. To further refine the data, an optimization-based 
outlier removal method is applied to eliminate extreme jerk and acceleration, followed by a wavelet denoising technique to filter 
out noise.

The resulting dataset yields 274 HV-AV pairs (53,737 data points), 1032 HV-HV pairs (200,125 data points), and 196 AV-HV 
pairs (38,493 data points). However, no AV-AV pairs exist in the current AV trajectory datasets as each segment contains at most 
one AV. Thus, we assume that the CF behavior of the AV-AV pair is equivalent to that of the AV-HV pair, which is reasonable for 
current AVs without connectivity and platooning capabilities. Notably, this assumption is made solely for this case study and does 
not compromise the generality of the proposed framework.

5.2. Microscopic behavior learning

Following the proposed formulation in Eq. (1), we learn the two-step leader–follower interaction for each type of pair. The first 
step of the speed conditional distribution 𝑃 (𝑉𝑖 ∣ 𝑉𝑖−1), is directly extracted from data by discretizing speeds with a step of 0.5 m/s. 
The second step is to determine the spacing given the leader and follower’s speeds 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1), which is learned using the MDN. 
The optimal hyperparameters of the MDN for each type of pair are identified through grid search. In particular, we carefully tune 
hyperparameters, including the number of Gaussian components, the number of neurons in the hidden layer and training epochs, by 
systematically measuring performance across configurations. With the selected hyperparameters, we train the MDN for each type of 
pair, which is then evaluated using the MAE and the MAPE between estimated and empirical conditional expectations of spacing. 
All the parameters and results of the trained MDNs for HV-AV, HV-HV and AV-HV pairs are summarized in Table  3. From this 
table, we can see that all the MAE are below 1.7 m and all the MAPE are below 6%, showing a decent performance in modeling 
𝑃 (𝑆 ∣ 𝑉 , 𝑉 ) for all types of pairs.
𝑖 𝑖 𝑖−1
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Table 3
Hyperparameters and results of trained MDNs using Waymo dataset.
 Leader–follower pair Num of components 𝑀 Num of neurons in hidden layer MAE MAPE 
 
HV-AV

10 64
1.69 m 6.0%

 
 Training data size Training epoch  
 43454 20000  
 
HV-HV

Num of components 𝑀 Num of neurons in hidden layer
1.50 m 4.9%

 
 100 128  
 Training data size Training epoch  
 153721 15000  
 
AV-HV

Num of components 𝑀 Num of neurons in hidden layer
1.69 m 5.3%

 
 10 64  
 Training data size Training epoch  
 29136 20000  

Fig. 7. Examples of MDN output distributions for each type of pair with Waymo dataset.

To intuitively illustrate the results of trained MDNs, we present the output distribution under given conditions for each type 
of leader–follower pair. As shown in Fig.  7, all the trained MDNs provide good approximations of the underlying multi-modal 
distributions, further validating the effectiveness of the MDN and the resulting microscopic model.

We further derive the equilibrium velocity-spacing relationship, also referred to as the microscopic fundamental diagram, to 
delineate the learned CF behavior. Specifically, we take identical equilibrium speed 𝑣𝑒 for both the leader and follower, and then 
enumerate all possible equilibrium spacings to get their corresponding probabilities, i.e., 𝑃 (𝑆𝑖 = 𝑠𝑖 ∣ 𝑉𝑖 = 𝑣𝑒, 𝑉𝑖−1 = 𝑣𝑒), where 
∑

𝑠𝑖
𝑃 (𝑆𝑖 = 𝑠𝑖 ∣ 𝑉𝑖 = 𝑣𝑒, 𝑉𝑖−1 = 𝑣𝑒) = 1. We present the microscopic fundamental diagram for each type of CF pair in Fig.  8, where a 

deeper green denotes a larger probability. For each equilibrium speed, the AV-HV pair generally has the largest equilibrium spacing 
with respect to other pairs, confirming the conservative behavior of AV. We also compare the variation of equilibrium spacing under 
each equilibrium speed, which reflects the uncertainty of CF behavior. Notably, HV-AV pairs show a larger variation of equilibrium 
spacing than HV-HV pairs, potentially caused by the curiosity of human drivers when following the AV. In contrast, AV-HV pairs 
exhibit a narrower range of equilibrium spacing (as indicated by the concentration of deeper green points) compared to HV-HV 
pairs, which is consistent with the stability of AV reported in earlier studies.

5.3. Stochastic fundamental diagram estimation

With the microscopic model learned from the Waymo dataset, in this subsection we utilize the proposed framework to derive 
the SFD of mixed traffic flow under different AV penetration rates. To be specific, we obtain the complete microscopic model 
𝑃 (𝑆𝑖, 𝑉𝑖 ∣ 𝑉𝑖−1) for each type of leader–follower pair by combining the empirical conditional speed distribution 𝑃 (𝑉𝑖 ∣ 𝑉𝑖−1) and 
the trained MDN for 𝑃 (𝑆𝑖 ∣ 𝑉𝑖, 𝑉𝑖−1). The mixed platoon consisting of a composition of these pairs, characterized by the platoon 
configuration 𝑪, is then modeled as the joint distribution 𝑃 (𝑉 ,𝑺 ∣ 𝑪) using Eq. (9). Taking all the possible configurations of platoon 
arrangements into consideration under each AV penetration rate, assuming a random spatial distribution of AVs, the speed-density 
joint distribution 𝑃 (𝑉 ,𝐾) and the SFD, represented as 𝑃 (𝑄 ∣ 𝐾), are further derived under equilibrium using Eqs. (10)–(12).

We present the SFD results under relatively low penetration rates of the current Waymo AV (below 25%), as higher AV 
penetration rates may imply more advanced technologies that exhibit different CF behavior (e.g., smaller headway) compared to 
current AVs. As shown in Fig.  9, the green area represents the possible range in the flow-density space, with deeper green indicating 
higher probabilities (larger 𝑃 (𝑄 ∣ 𝐾 = 𝑘) along the density 𝑘, where ∑𝑞 𝑃 (𝑄 = 𝑞 ∣ 𝐾 = 𝑘) = 1), and the red curve denotes the mean 
flow-density relation. Clearly, the main feature of the flow-density relation, i.e., the well-known quadratic curve, is reproduced in 
12 
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Fig. 8. Microscopic fundamental diagram for each type of pair in Waymo dataset.

all the estimated results. Note that due to the numerical enumeration of equilibrium speeds for the platoon, the resulting SFD is 
composed of multiple straight lines, each corresponding to a specific equilibrium speed.

To quantify the impact of AV penetration rates on mixed traffic flow, we further obtain the estimated mean capacity (E[𝑄𝑐 ]), 
the standard deviation of capacity (𝜎[𝑄𝑐 ]), critical density (𝑘𝑐) and conditional entropy (H(𝑄 ∣ 𝐾)) for various AV penetration rates. 
The estimated mean capacity and critical density measure the efficiency of the mixed traffic flow, while the standard deviation of 
capacity and conditional entropy represent the stochasticity of the estimated capacity and the whole flow-density relation.

As shown in the left column of Fig.  10, the mean capacity decreases with more AVs while remaining relatively stable under 
15%–25% AV penetration. Similarly, the critical density drops with higher AV penetration rates. On the other hand, in the right 
column of Fig.  10, we can see that the standard deviation of capacity declines within 10% AV before a slight increase, while the 
conditional entropy gently rises with the AV penetration rate. Taken together, the mixed traffic flow with a higher proportion of AVs 
becomes less efficient for the conservative AV behavior, exhibiting lower mean capacity and critical density. While its uncertainty 
in capacity decreases due to more predictable actions of AVs. However, as the AV penetration rate increases and more platoon 
arrangements form, the uncertainty starts to rise subtly, which is also reflected in the modestly growing entropy of the flow-density 
relation that represents the overall stochasticity.

These results accord with earlier empirical investigations on real-world AVs (Hu et al., 2023; Alhariqi et al., 2023; Jiang et al., 
2024b; Ren et al., 2024; Zhong et al., 2024), consistently reflecting that the present AV is more stable yet conservative and thus 
potentially results in negative effects on traffic flow. However, previous simulation-based studies, which use unrealistic and over-
simplified assumptions about the headway or specific CF models, always suggest that increasing AV penetration leads to more 
efficient traffic flow (Talebpour and Mahmassani, 2016; Guan et al., 2023; Jiang et al., 2024b). This discrepancy further highlights 
the necessity of employing real-world AV datasets in mixed traffic modeling.

5.4. Evaluation of mixed traffic management strategies

Given the reduced efficiency of mixed traffic with higher AV penetration, a natural question arises: how can we enhance the 
performance? To answer this question, we utilize the proposed framework to analyze the impacts of commonly used management 
strategies, i.e., AV spatial distributions and dedicated lanes, on the SFD of mixed traffic, see Fig.  11. Our findings, together with 
the proposed framework, provide transportation planners and policymakers with actionable strategies to optimize mixed traffic and 
practical tools to rigorously evaluate their effectiveness.

5.4.1. Impacts of AV spatial distribution
Platooning of AVs is widely recognized for its potential to enhance traffic efficiency, driving safety, and lower fuel consump-

tion (Li et al., 2022a; Shladover et al., 2015). Even without connectivity capability, this prevailing AV platoon formation may 
suppress the stochasticity of traffic flow by grouping AV and HV respectively, thereby improving the overall system performance. 
We thus evaluate the SFD of the mixed traffic under AV platooning, with the random distribution of AV serving as the baseline.

We present the relative change in mean capacity and standard deviation of capacity in Fig.  12, prioritizing these key metrics 
while omitting others for brevity. From the figure, it can be seen that the mean capacity remains almost the same, showing a 
slight increase of up to 1.5% within 20% AV penetration, while it falls to negative values beyond it compared to the random AV 
distribution. A possible explanation for this fall might be that randomly distributed AVs are more likely to produce a larger number 
of HV-AV pairs than AV platooning with higher AV penetration rates, where the HV-AV pair is reported to maintain a shorter 
distance and time headway than other type of pairs. The standard deviation of capacity mainly decreases as expected and achieves 
a maximum of 26.7% drop with 15% AV. In summary, AV platooning with current AV capabilities modestly improves the efficiency 
while largely reducing the uncertainty at 15% AV penetration.
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Fig. 9. Estimated SFD results using Waymo dataset under different AV penetration rates.

5.4.2. Impacts of lane management
Current AVs tend to perturb the traffic flow due to their conservative behaviors. To mitigate these perturbations and improve 

traffic performance, exclusive lanes emerge as a promising management strategy. We thus assess the impacts of AV-exclusive lanes 
and HV-exclusive lanes on the SFD in terms of the relative changes in mean capacity and its standard deviation. In both experiments, 
we compare hybrid lane configurations involving exclusive lanes against a baseline of mixed-traffic lanes within 25% AV penetration, 
where all mixed-traffic lanes assume randomly distributed AVs.

For the AV-exclusive lane strategy, we examine the case of 1 AV-exclusive lane and 3 mixed-traffic lanes against 4 lanes of 
mixed traffic. Mathematically, given the AV penetration rate 𝑝 in 4 mixed-traffic lanes and the corresponding capacity 𝑄𝑐 (𝑝), the 
AV penetration rate in the 3 mixed-traffic lanes with other 1 AV-exclusive lane is derived as: 

𝑝′ =
𝑙𝑝𝑄𝑐 (𝑝) − 𝑙𝑎𝑄𝑐 (𝑝 = 1)
𝑙𝑄𝑐 (𝑝) − 𝑙𝑎𝑄𝑐 (𝑝 = 1)

(14)

where 𝑙 = 4, 𝑙𝑎 = 1 are the number of total lanes and AV-exclusive lanes. The capacity of 1 AV-exclusive lanes and 3 mixed-traffic 
lanes is then given as: 

𝑄′ =
𝑙𝑎 min

(

𝑙𝑝𝑄 (𝑝), 𝑄 (𝑝 = 1)
)

+ (1 −
𝑙𝑎 )𝑄 (𝑝′) (15)
𝑐 𝑙 𝑐 𝑐 𝑙 𝑐
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Fig. 10. Evaluation metrics of the mixed traffic flow under different AV penetration rates.

Fig. 11. Assessing mixed traffic management strategies: an analysis of two cases.

Fig.  13 presents the corresponding SFD results. The mean capacity generally decreases within 15% AV penetration, and the standard 
deviation of capacity begins to noticeably drop beyond 20%. At 20% AV penetration, implementing an AV-exclusive lane yields a 
4.3% improvement in mean capacity, while the standard deviation remains nearly unchanged.

For the HV-exclusive lane strategy, we compare the SFD results of 2 HV-exclusive lanes and 2 mixed-traffic lanes against 4 lanes 
of mixed traffic within 25% AV penetration as a demonstration. Note that for this strategy to be effective, sufficient mixed-lane 
must be allocated to accommodate the expected AV flow.

Similarly, the AV penetration rate in the 2 mixed-traffic lanes with other 2 HV-exclusive lanes is: 

𝑝′′ =
𝑙𝑝𝑄𝑐 (𝑝) (16)
𝑙𝑄𝑐 (𝑝) − 𝑙ℎ𝑄𝑐 (𝑝 = 0)
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Fig. 12. SFD results of AV platooning compared to random distribution.

Fig. 13. SFD results of 1 AV-exclusive lane + 3 mixed-traffic lanes compared to 4 mixed-traffic lanes.

where 𝑙 = 4, 𝑙ℎ = 2 are the number of total lanes and HV-exclusive lanes. We then derive the capacity of 2 HV-exclusive lanes and 
2 mixed-traffic lanes: 

𝑄′′
𝑐 =

𝑙ℎ
𝑙
𝑄𝑐 (𝑝 = 0) + (1 −

𝑙ℎ
𝑙
)𝑄𝑐 (𝑝′′) (17)

As shown in Fig.  14, this strategy leads to consistent capacity gains and remarkable reductions in uncertainty. At 20% AV 
penetration, the implementation of HV-exclusive lanes enables a 4.5% increase in mean capacity and a 21.3% reduction in its 
standard deviation, highlighting the effectiveness of HV-exclusive lane management strategy.

Overall, the proposed framework offers a practical tool to devise and evaluate mixed traffic management strategies. The examples 
of AV platooning and exclusive lanes demonstrate that these strategies can mitigate stochasticity and enhance efficiency at certain 
AV penetration rates. Among these strategies, HV-exclusive lanes show greater effectiveness with larger improvements. However, it 
is noteworthy that even with these traffic management strategies in place, the mean capacity of mixed traffic flow does not exceed 
that of pure HV traffic flow. This underscores the need for cooperative control through connected AVs to further optimize the mixed 
traffic system.

6. Conclusion

This study presents a novel data-driven framework to model the SFD of mixed traffic flow. Specifically, we first learn the 
microscopic interaction, modeled as a two-step conditional distribution, from AV datasets using the MDN for various leader–
follower pairs. The mixed platoon, composed of these pairs, is characterized by a joint distribution with Markov chain modeling. 
By incorporating platoon arrangements with the law of total probability, we derive the SFD of mixed traffic flow. The proposed 
framework accurately reproduces the empirical FD with the NGSIM I-80 dataset, demonstrating its efficacy.
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Fig. 14. SFD results of 2 HV-exclusive lanes + 2 mixed-traffic lanes compared to 4 mixed-traffic lanes.

We apply the proposed framework to the Waymo dataset as a case study, and the results reveal that as AV penetration rates 
increase, the uncertainty of the mixed traffic generally decreases, as evidenced by a lower standard deviation of capacity, which 
leads to improved reliability and smoother operation. However, this comes at the cost of reduced traffic efficiency, as indicated 
by declines in mean capacity and critical density. These findings corroborate the stable yet conservative AV behaviors observed in 
previous empirical studies, further verifying the effectiveness of the proposed framework.

In summary, this framework provides a general guideline to derive the SFD of mixed traffic from empirical data, capturing the 
stochasticity in heterogeneous CF behaviors and diverse platoon arrangements. By accounting for these uncertainties, this work 
enables a more comprehensive understanding of real-world AVs for their traffic-level impacts. To mitigate the negative impacts, 
appropriate mixed traffic management strategies, such as the AV platooning and HV-exclusive lanes as demonstrated in this study, 
can be further applied and assessed by the proposed framework. Looking ahead, future research could integrate connected AV 
capabilities and explore advanced traffic management strategies.
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Appendix. Notations

 Name Notation Name Notation 
 Random variables Variables  
 Speed of vehicle 𝑖 𝑉𝑖 Total number of vehicles in the platoon 𝑛  
 Spacing between vehicle 𝑖 and its leader 𝑆𝑖 AV penetration rate 𝑝  
 Configuration of the platoon arrangement 𝑪 Number of HV-AV pairs in the platoon 𝑛HA  
 Equilibrium speed 𝑉 Number of HV-HV pairs in the platoon 𝑛HH  
 Equilibrium density 𝐾 Number of AV-HV pairs in the platoon 𝑛AH  
 Equilibrium flow 𝑄 Number of AV-AV pairs in the platoon 𝑛AA  
 Equilibrium capacity 𝑄𝑐 Critical density 𝑘𝑐  
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